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0000000000000 000D00000000O $f$00 $\foralla, b$ OO $(a, b) =1$00 00
$$ f(ab) = f(a) \cdot f(b) $$

00 $f400000000000000O00O0O $(a,b)=1$000000000 ¢f$s00000000O
00 $fs00000000000000O00O0O $¢000 $p$000000 $f(pra)sf0onoonod

OO0 $fs0
o

0¢f,g$ 00000000000 0O0ODODOOOO0O

$$ h(x) = f(x"p) \\ h(x) = f*p(x) \\ h(x) = f(x)g(x) \\ h =f* g\ $$
oboobgo

ogono
$$ [expr] = \begin{cases} 1, &\text{expris true} \\ 0, &\text{expr is false} \\ \end{cases} $$

e 00O 0O0O$\varepsilon(n) = [n =1]$

00 0O00$\mathrm{id}(n) =n$g0 00000000 $n$ 000
O00O00$l(n)=1$J000000000 $1$000

0 OO0 p$\varphi(n) = \sum_{1\leq i\leq n} [\gcd(i, n) = 1]$
0000Q0%$d(n) =\sum_{d \mid n} 1%

0 00000$\sigma(n) =\sum_{d \mid n} d$

Joogo

gbobogoboodbobooobbooooboon

00000 $f,e$f0 0000000000

$$ (f\times g)(n) = \sum _{d \mid n} f(n) \cdot g \left(\frac nd \right) $$
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guooooobooboon

OO000O0oOooogsn = \varphil\times1l$J0 0000040

gobooobooboooobooobbooobbuooobbooobLbooobLbooobboobLbo
O $n$000 $n=12¢ 000000

$$\frac 1{12}\frac 2{12}\frac 3{12}\frac 4{12}\frac 5{12}\frac 6{12}\frac 7{12}\frac 8{12}\frac
9{12}\frac {10} {12}\frac {11}{12}\frac {12}{12}$$

goodgd

e $\frac 1{12} \frac 5{12} \frac 7{12} \frac{11}{12}$0%$\varphi(12)=43%[]
e $\frac 1{6} \frac 5{6}$0%$\varphi(6)=2%$0

e $\frac 1{4} \frac 3{4}$0%$\varphi(4)=2%$[

 $\frac 1{3} \frac{2}{3}$[0$\varphi(3)=2$0

e $\frac 12$[%$\varphi(2)=1%$[]

e $\frac 11$0%$\varphi(1)=1%$[]

Jooooodoggo

guoooon
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O000O0o0o00 $\mu(n)$g

$$ \mu(n)=\begin{cases} 1, &n = 1\\ (-1)"m, &n = \prod {i=1}"m p_i~{k_i}\\prod {i=1}"m
k_i=1\\ 0, &\text{otherwise}\\ \end{cases} $$

$\mu(n)$ 000000

e S\mus 0D DODO
e $\sum_{d \mid n} \mu(d) =[n = 1]$

0000000 $mu(n)$ 0000000000000000000000 $n=1$400000000
00000 $\ged(i,j)=1$40000000000000

gobogoo

void InitMu
mu = 1l¢
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int i = 2; 1 < N; i++
'notPrili pri[siz++] =1, muli] = -1;
int j =0; j <siz & i * prilj] < N; j++
int nxt =1 * prilj/;
notPrinxt] = 1;
i% prilj
mu/ nxt| =

’

-mulil;

mu | nxt H

?

0000000000000 000D00000D00000oooogoooogoog$\mu()=0%$0
O0000D00000D0oOoO0ooooOod $\mu()=-\mu()$Cc000

goooon

000 $f(n)$0 $g(n)$ 000000000 $g=f\times 1$J0 $f=g\times\mu$jO 0 OO0 00O
0

O00000000$1$000 $\mu$O $\varepsilon = 1 \times \mu$JO OO OO0 O000 $(\mu \times
nN)$ 0000000 $n$ 00000000 $130

OO0 $n$ 0000000 %$n$0 $m\geql$ 00 00O0DOOOO $m$0O OODODOOO
O"0$C {m}~{2}$ 0 OOOOODOOOOOOOOOOODO

$$ (-1)\cdot \binom m1 + (-1)~2 \cdot \binom m2 + \cdots + (-1)"m \binom mm =[1 + (-1)]"m -1
$$

OO0 $soooooossoonononn $n=1$000 $(\mu\times 1)(n)$ OO $1$00 0O $\varepsilon =
1 \times \mu$[]

O0ooooood
e $\varepsilon = \mu \times 1$

e $n = \varphi \times 1 \Leftrightarrow \varphi = n \times \mu$

00

goeCboOonogn

00 $n, m, k$00 $\sum_{i=1}"n\sum_{j=1}"m [\gcd(i,j) = k1$0

gobogoboogd
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$$ \begin{aligned} \sum_{i=1}"n\sum_{j=1}"m [(i,j)=k] =& \sum_{i=1}"n\sum {j=1}"m
\left[\left(\frac ik,\frac jk\right)=1\right] \\ =& \sum_{i=1}"n\sum_{j=1}"m\sum_{g|(i,j)} \mu(g) \\
=& \sum_{i=1}"n\sum_{j=1}"m \sum_{g|i\text{ O }g|j} \mu(g) \\ =&
\sum_{g=1}"n\sum_{i=1}"{\left\Ifloor n/g\right\rfloor} \sum_{j=1}"{\left\Ifloor m/g\right\rfloor}
\mu(g) \\ =& \sum_{g=1}"n\mu(g) \sum_{i=1}"{\left\Ifloor n/g \right\rfloor}
\sum_{j=1}"{\left\Ifloor m/g\right\rfloor} \\ \end{aligned} $$

O $\left\Ifloor \dfrac ng\right\rfloor$ O O O O O $\sqrt{n}$ O O O O$\left\Ifloor \dfrac ng\right\rfloor$
O $\left\Ifloor \dfrac mg\right\rfloor$ O O O O O $\sqrt{n}+\sqrt{m}$ 000000 OO0 $[1,n]$ O
O $\sqrt{n}+\sqrt{m}$ 00O 00O $\left\Ifloor \dfrac ng\right\rfloor$ O $\left\Ifloor \dfrac
ma\right\rfloor$ 0O 0000000000 $\mu$s OO OD0OOOO0O0O0O $\mathcal{O}1)$ OO OO
0000000 $\mathcal{O}(\sgrt{n}+\sgrt{m})$[]

gobogoood

O $f(k)=\sum_{i=1}"n\sum_{j=1}"m[(i.j)=kI$0$g(k)=\sum_{i=1}"n\sum_{j=1}"m [k\mid (i,j)]$00
$fk)s0 000000000000 $k\mid (i,j) \Leftrightarrow k \mid i\text{ O } k\mid j$0C
O $g(k)=\left\Ifloor \dfrac nk \right\rfloor \left\Ifloor \dfrac mk \right\rfloor$[J

00 $g(k)=\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}f(d \times k)$0C O O O

$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}g(d \times k)\mu(d) \\
=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac n{dk} \right\rfloor \left\Ifloor \dfrac
m{dk} \right\rfloor\mu(d) \end{aligned} $$

O $n'=\left\Ifloor \dfrac nk \right\rfloor,m'=\left\Ifloor \dfrac mk \right\rfloor$[j0

$$ \begin{aligned} f(k)=&\sum_{d=1}"~{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac {n'}d
\right\rfloor \left\Ifloor \dfrac {m'}d \right\rfloor\mu(d) \end{aligned} $$

00000000 $n',m'$000000000000 $\mathcal{O}(\sqrt{n}+\sqrt{m})$ O O

0000000000000 0D00OD00000DO0000ooDoooos$isjoooooooon $j$g
g

$$ \begin{aligned} \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \left\Ifloor \dfrac {n'}j \right\rfloor \\
\Rightarrow \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \dfrac {n'}j \\ \Rightarrow j & \leq \dfrac
{n'}{\left\Ifloor {n'}/i \right\rfloor} \\ \Rightarrow j & \leq \left\Ifloor \dfrac {n'}{\left\Ifloor {n'}/i
\right\rfloor}\right\rfloor\\ \end{aligned} $$

0000 $ms$00 O $j=\min\left( \left\Ifloor \dfrac {n'} {\left\Ifloor {n'}/i \right\rfloor}

\right\rfloor \left\Ifloor \dfrac {m'} {\left\Ifloor {m'}/i \right\rfloor} \right\rfloor\right)$J0 0 0 0O O 0O O
O00oo0oOoooooooOon

goooon

gobogonoo

$$ d(ij) = \sum _{x|i} \sum {y|j} [(x,y) = 1]1$%
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0000000 $x$ 0000000 $y$ 0000000000 $p$00 $p~a|i\p”b|j$0o
$p~{a+b} | ij$00

e $p™0 | x$00 00 $y$ 00D OO $p~1,\ldots, prb$ DD OO DOOODODO $d | p~{a+l}, d]
p~{a+2}, \ldots, d | p~{a+b}$
e $p”~1|x,p™2 | x \ldots, p~a | x$00 00O $x$ 00O OO $p~1,\ldots, ptas OO OO ODODO
00 $d|p~{1},d|p~{2}, \ldots,d | p~{a}$
e $x=1,y=0$00 0000 $1800
00000 $p™0,p~1,\ldots, p™{a+b}$ 000000000000 0ODOOODOOODOODOOOOOO
godooooooooooao

$$\sum_{x 1}"{y 1} \sum {x 2}"{y 2} \cdots \sum_{x k}~{y k} d(x_1 x 2 \cdots x k) =
\sum_{x_1}"{y 1} \sum_{x 2}~{y 2} \cdots \sum_{x_k}~{y k} \prod {i=1}"{k} \left\Ifloor
\dfrac{y_i}{x_i} \right\rfloor \prod {i <j } [(x_i, x j)=1]$$

gobooobbooobobooobooboo

HEN

0000000000000 $G)=1s000000000000000000000000O0DO0O0O

POI2007 Zap

oo eGcbooooonO

HAOI2011 Problem b

POI2007 ZapO OO OOOOOODOOCOOODOCOO

BZ0J2820 YY GCD

00000 GCODOO0OODOOOOOD $(i,j)$s0oooo0oooooo0 $\mus000onoon

SDOI2008 0 0 [

O0O00o0ooOo $Gj)=1sp0 sos 000 oooooo $(\sum_{i=1}"n\sum_{i=1}"n
[(i,j)==11)+2%$0$2%$0 0 $(0,1),(1,00s0 00000 $(\sum_{g=1}"n \mu(g) \Ifloor n / g\rfloor ~2)+2$[]
oooon
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oooooooooooo
0 $n'=\dfrac ng$[J$m'=\dfrac mg$[O0]

$$ \begin{aligned} \sum _{i=1}"n\sum_{j=1}"m d(ij) =&\sum_{i=1}"n\sum _{j=1}"m [(i,j)==1]\\
=&\sum_{i=1}"n\sum_{j=1}"m {\left\Ifloor \dfrac ni\right\rfloor}{\left\Ifloor \dfrac mj\right\rfloor}
\sum_{g](i,j) \mu(g) \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{\left\Ifloor n/g\right\rfloor}
\sum_{j=1}"{\left\Ifloor m/g\right\rfloor} \dfrac n{ig} \dfrac m{jg} \\
=&\sum_{g=1}"n\mu(g)\sum_{i=1}"~{n'} \sum_{j=1}"{m'} \dfrac {n'}i\dfrac{m'}j \\
=&\sum_{g=1}"n\mu(g)\sum_{i=1}"{n'} \dfrac {n'}i\sum_{j=1}"{m'} \dfrac{m'}j \\
\end{aligned} $$

00000000 $f(n)=\sum {i=1}"n\dfracni$ 00 000000000000 0ODO0O0OOOO0O
$fmsp0 00000 O0DoonDooooood $\sum_{i=1}"{n'} \sum_{j=1}"{m'} \dfrac {n'}i
\dfrac{m'}j$ 0 0000000000000 000000O0 $\mathcal{O}1)$ 0O O

O0000000 $\mathcal{O}(n\sqrt{n})$00 00O OO O0O0O $\mathcal{O}(\sqrt{n})$]

HNMTC2015#5 Lucasl [0 [

O00OSDoRRo1500000 000000000000 $\musO0OO0O $\mathcal{O}n)$ OO OO
OoooOoOooooOoooOOooOooOOoOoOooOO0O00 $\mu(n)$ 00000 $\mathcal{O}(n ~{2/3})$ O
gobogonoo

LOJ6627 U DO OO

gobooobboooboo
gbobogoboodbobooobooboooooboon

0000 $k=\frac {p}{q}\ge 1$ 00 $p,q$0 0 00O OO $x$0$x+kx>k~2x$ OO OO OO
$k<\Phi=\frac{1+\sqrt 5}{2}$0 $q\le p<\Phiq$0 O $x$ 000 $972$ 000000 $q\le\sgrt n$[]
O $x=iq™2$0 0000

$$\sum_{q=1}"{\sqrt n}\sum_{p=q} "~ {\Phi q}[(p,q)=11\sum_{i=1}"{+\infty}[ip~2\le n]$$
$$=\sum_{qg=1}"{\sqrt n}\sum_{p=q} "~ {\Phi q}[(p,q)=1N\eft\Ifloor\dfrac{n} {p~2}\right\rfloor$$
OD000D0 $p$ 000000 $p$ 000000 $xk~2=ip~2\le n$[$p\le\sqrtn$(0 0000000

$$=\sum_{p=1}"{\sqrt
nHleft\Ifloon\dfrac{n} {p~2}\right\rfloor\sum_{qg=\left\Iceil\tfrac{p} {\Phi}\right\rceil} ~{p}[(p,q)=11$$

0000000 $q$0000nDoooooooog $\wvarphi(p)-

\sum_{i=1}"{\left\Iceil\tfrac{p} {\Phi}\right\rceil -1}[(i,p)=11$00 $\sum_{i=1}"~{n}[(i,p)=1]$ 00O O
000 $\sum_{d|pHmu(d)\left\Ifloor\dfrac nd\right\rfloor$J0 O $p$ 00 $p$ 00 00O OO OO
$1~n$ 000000 $n\Mlogn$ 0000000 $\mathcal{O}(\sqrt n\log n)$ [
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000000000000 GCDOOO0ONOO0ONOO0NONONONONONOOOOn $\arepsilon(n)$ 0000
00000 $\u(n)$000000000000000000O0000O0O0O0O00O00O00000
$\mu(n)$ 0000000 $\mathcal{O}(\sqrt{n})$ D OO O OO

e $\epsilon = \mu \times 1$J$n = \varphi \times 1$

e JOD0DOOODOD $\mu$jOOOODLOOODLODOOOODLODOOODODOOODnOO

e 000000 ODOODODOGEDOOODO $g$0 %SO S0 DO00ODOODODODOOODOO
OO0 $ig$0%jogs 000000 $g$ 000000 DOO00OD0DODODODOODOODODO -GCDbO
0g

e JO000O0O0ODOOOUODOOUOODOOUODOOOODOOOn
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