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0000000000000 000D00000000O $f$00 $\foralla, b$ OO $(a, b) =1$00 00
$$ f(ab) = f(a) \cdot f(b) $$

00 $f400000000000000O00O0O $(a,b)=1$000000000 ¢f$s00000000O
00 $fs00000000000000O00O0O $¢000 $p$000000 $f(pra)sf0onoonod

00 $fe[]

gd

0¢f,g$ 00000000000 0O0ODODOOOO0O

$$ h(n) = f(n~p) \\ h(n) = f~p(n) \\ h(n) = f(n)g(n) \\ h(n) =\sum _{d \mid n} f(n) g \left(\frac nd \right)
\\ $%

goooonb

oooooono
$$ [P] = \begin{cases} 1, &P \text{ is true} \\ 0, &P \text{ is false} \\ \end{cases} $$

e 00O 0O0O0$\varepsilon(n) = [n =1]$

O000pg$\mathrm{id}(n) =n$0 00000000 $n$ 000
Oo00$l(n)=1$000000000 $1$000O

0 OO0 0Op$\varphi(n) = \sum_{1\leq i\leq n} [\gcd(i, n) = 1]$
O0000Q0%$d(n) =\sum_{d \mid n} 1%

0000 0dg$\sigma(n) =\sum_{d \mid n} d$

googoo

gbobogoboooboboooboboooooboon
00000 $f,e$f0 0000000000

$$ (f\times g)(n) = \sum _{d \mid n} f(n) \cdot g \left(\frac nd \right) $$

gd

gobogooobod

CVBB ACM Team - https://wiki.cvbbacm.com/



Last
update:
2020/05/12
13:01

2020-2021:teams:i_dont_know_png:nikkukun:mobius_inversion https://wiki.cvbbacm.com/doku.php?id=2020-2021:teams:i_dont_know_png:nikkukun:mobius_inversion&rev=1589259674

goo
goo
e 1000
e 1000

gobogobobooobooobbooooboobdad

guooooobooboon

OO000O0oOooogsn = \varphil\times1l$J0 0000040

gobooobooboooobooobbooobbuooobbooobLbooobLbooobboobLbo
O $n$000 $n=12¢ 000000

$$\frac 1{12}\frac 2{12}\frac 3{12}\frac 4{12}\frac 5{12}\frac 6{12}\frac 7{12}\frac 8{12}\frac
9{12}\frac {10} {12}\frac {11}{12}\frac {12}{12}$$

goodgd

e $\frac 1{12} \frac 5{12} \frac 7{12} \frac{11}{12}$0%$\varphi(12)=43%[]
e $\frac 1{6} \frac 5{6}$0%$\varphi(6)=2%$0

e $\frac 1{4} \frac 3{4}$0%$\varphi(4)=2%$[

 $\frac 1{3} \frac{2}{3}$[0$\varphi(3)=2$0

e $\frac 12$[%$\varphi(2)=1%$[]

e $\frac 11$0%$\varphi(1)=1%$[]

Jooooodoggo

guoooon

gobooobobodoobooobbooobobuoobobooobbooobboon
O000O0o0o00 $\mu(n)$g

$$ \mu(n)=\begin{cases} 1, &n = 1\\ (-1)"m, &n = \prod {i=1}"m p_i~{k_i}\\prod {i=1}"m
k i=1\p_i\text{ is a prime} \\ 0, &\text{otherwise}\\ \end{cases} $$

$\mu(n)$ 000000

e $\mus OGO DO
e $\sum_{d \mid n} \mu(d) =[n = 1]$

0000000 $mu(n)$ 0000000000000000000000 $n=1$400000000
00000 $\ged(i,j)=1$40000000000000

gobogoo

void InitMu
mu = 1l¢
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int i = 2; 1 < N; i++
'notPrili pri[siz++] =1, muli] = -1;
int j =0; j <siz & i * prilj] < N; j++
int nxt =1 * prilj/;
notPrinxt] = 1;
i% prilj
mu/ nxt| =

’

-mulil;

mu | nxt H

?

0000000000000 000D00000D00000oooogoooogoog$\mu()=0%$0
O0000D00000D0oOoO0ooooOod $\mu()=-\mu()$Cc000

goooon

000 $f(n$ D0 $gns 000 O0ODODO

$$ f(n) = \sum _{d \mid n} g(d) \Leftrightarrow g(n) = \sum _{d \mid n} \mu \left( \frac nd \right) f(d)
$$

googd
$$ g = f\times 1 \Leftrightarrow f = g \times \mu $$
goooooooon

O00000000$1$000 $\mu$O $\varepsilon = 1 \times \mu$JO OO OO0 O000 $(\mu \times
(n)$ 0000000 $n$ 00000000 $130

OO0 $n$ 0000000 $n$0 $m\geql$ 00 00OOCOOO $\binomml$ O OOOODODO
O"0$\binomm2$ 0 000000000 O0O0O0O0O00OOO

$$ (-1)\cdot \binom m1 + (-1)~2 \cdot \binom m2 + \cdots + (-1)"m \binom mm =[1 + (-1)]"m -1
$$

OO0 $soooooossoonononn $n=1$000 $(\mu\times 1)(n)$ OO $1$00 0O $\varepsilon =
1 \times \mu$[]

0000000000000 000DO0D0O0nO $fn)sd s9mMs0oooO

$$ f(n) =\sum _{n\mid d} g(n) \Leftrightarrow g(n) =\sum _{n \mid d} \mu \left( \frac dn \right) f(d)
$$

goboooobood

¢ $\varepsilon = \mu \times 1%
e $n = \varphi \times 1 \Leftrightarrow \varphi = n \times \mu$
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gobooobboobobboobbooobbg

O$ns 000000 $n=\prod {i=1}"mp i~{ki}$g0 $n$ 000 000OOCOOO0O $(k 1, k2,
\ldots, k m)$[00 $n$ 000D O $d$ 00000 $(k 1,k 2,\ldots, k m)s 00O OO0 O0OODOOO
000000 $f=g\times1$0 $f$ 000 $g$ 000000 O0OOODOOOO $\musOOOOOO
0000000000000000 $\Zww$OoOooooooooooooo

000000000000 $g9(n) =(f\times\mu)(n)$ 0000000000 $n$000 $d$Q0 000
00000 $p i$00000000O0O $pis00000DO0OO00O0ODODODOOOODODOO

HEN

goeCboonogn

00 $n, m, k$0O $\sum_{i=1}"n\sum_{j=1}"m [\gcd(i,j) = kI$0

gobogooogad

googd

$$ \begin{aligned} \sum {i=1}"n\sum_{j=1}"m [(i,j)=k] =& \sum_{i=1}"n\sum {j=1}"m
\left[\left(\frac ik,\frac jk\right)=1\right] \\ =& \sum_{i=1} ~ {\Ifloor n/k \rfloor} \sum_{j=1} ~ {\Ifloor
m/k \rfloor} \sum_{g\mid(i,j)} \mu(g) \\ =& \sum_{i=1} ~ {\Ifloor n/k \rfloor} \sum_{j=1} ~ {\Ifloor
m/k \rfloor} \sum_{g \mid i \land g \mid j} \mu(g) \ =& \sum_{g=1}"n\sum_{i=1}"{\left\Ifloor
n/kg\right\rfloor} \sum_{j=1}"~{\left\Ifloor m/kg\right\rfloor} \mu(g) \\ =& \sum_{g=1}"n\mu(g)
\sum_{i=1}"{\left\Ifloor n/kg \right\rfloor} \sum_{j=1}"{\left\Iloor m/kg\right\rfloor} 1 \\
\end{aligned} $$

O $\left\Ifloor \dfrac ng\right\rfloor$ O O 0O 0O O $\sqrt{n}$ O O O O$\left\Ifloor \dfrac ng\right\rfloor$
O $\left\Ifloor \dfrac mg\right\rfloor$ 0 OO O O $\sqgrt{n}+\sqrt{m}$ 000000 OC 00O $[1,n]$ O
O $\sgrt{n}+\sgrt{m}$ 0O 00O OO $\left\Ifloor \dfrac ng\right\rfloor$ O $\left\Ifloor \dfrac
mao\right\rfloors OO DO O0D0DO0O00O0OO0 $\mu$s OO OO0DOODOOOO $\mathcal{O}1)$ OO OO
0000000 $\mathcal{O}(\sgrt{n}+\sqrt{m3})$[

goboooboo

0O $f(k)=\sum_{i=1}"n\sum_{j=1}"m [(i,j)=k]$0%$g(k)=\sum {i=1}"n\sum {j=1}"m [k \mid (i,j)1$[]
O$fké$00oonDoooonooon $k\mid (i,j) \Leftrightarrow k \mid i\text{ O } k\mid j$Q0
0 $g(k)=\left\Ifloor \dfrac nk \right\rfloor \left\Ifloor \dfrac mk \right\rfloor$]

00 $g(k)=\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}f(d \times k)$00 O O O

$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}g(d \times k)\mu(d) \\
=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac n{dk} \right\rfloor \left\Ifloor \dfrac
m{dk} \right\rfloor\mu(d) \end{aligned} $$
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O $n'=\left\Ifloor \dfrac nk \right\rfloor,m'=\left\Ifloor \dfrac mk \right\rfloor$[]C

$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac {n'}d
\right\rfloor \left\Ifloor \dfrac {m'}d \right\rfloor\mu(d) \end{aligned} $$

00000000 $n',m'$000000000000 $\mathcal{0}(\sqrt{n}+\sqrt{m})$ O O

0000000000000 0DOCO0O0000DCOO000oDooOO sisjoooooooon $i%0
HEN

$$ \begin{aligned} \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \left\Ifloor \dfrac {n'}j \right\rfloor \\
\Rightarrow \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \dfrac {n'}j \\ \Rightarrow j & \leq \dfrac
{n'}{\left\Ifloor {n'}/i \right\rfloor} \\ \Rightarrow j & \leg \left\Ifloor \dfrac {n'} {\left\Ifloor {n'}/i
\right\rfloor}\right\rfloor\\ \end{aligned} $$

0000 $m$gd O $j=\min\left( \left\Ifloor \dfrac {n'}{\left\Ifloor {n'}/i \right\rfloor}
\right\rfloor,\left\Ifloor \dfrac {m'} {\left\Ifloor {m'}/i \right\rfloor} \right\rfloor\right)$0 O O 0 0O O O
oodoooooooooOon

guoooon

goobogooo
$$ d(ij) = \sum _{x\mid i} \sum _{y\mid j} [(x, y) = 1] $$
goboooobooogoo

0000000 $x$0000000 $y$0000000000 $ps0d $p~a\mid i\ p~b \mid j$00
$p~{a+b} \mid ij$00

e $pM0\MId x$J0 O DO $y$ 0O O OO $p~1,\ldots, p7™b$ 00D DO ODOODOOOO $d\mid
p~{a+1}, d\mid p~{a+2}, \ldots, d \mid p~{a+b}$[]

e $p”~1\mid x, p~2 \mid x, \Idots, p~a\mid x$(00 00 $x$ OO0 OO0 $p~1,\ldots, p~as O OO0
0000000 $d\mid p~{1}, d\mid p~{2}, \Idots, d \mid p~{a}$[

e $p™0\midx$ 0 $g”0\midy$ 000000000 $d\mid p~0$[

00000 $p70, p~1,\ldots, p~{a+b}$ 0000000000 DOO0OO0OOODOOOODOOOOOO
ooboooobobooobooo

$$\sum_{x 1}~{y_ 1} \sum_{x 2}~{y 2} \cdots \sum_{x_k}~{y k} d(x_1 x 2 \cdots x k) =
\sum_{x 1}7{y 1} \sum {x 2}~{y 2} \cdots \sum_{x_k}~{y k} \prod {i=1}"{k} \left\Ifloor
\dfrac{y_i}{x_i} \right\rfloor \prod_{i <j } [(x_i, x j)=1]1$$

gboboooobobooonobooooboo

0

O000000o0o0oooo $G)=1s000000000000000000D00OO0000ODOOO
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POI2007 Zap

oo eCbOOOOOO

HAOI2011 Problem b

POI2007 ZapO OO OODOOOODOOOOODOODO

BZ0J2820 YY GCD

00000 GCOhOOUOODOOOOOD $Gi,j)s0oooooooooo0 $s\mus00oooon

SDOI2008 0 O [

0000000 $(i,j)=1$00 $0$0 00000000 $(\sum_{i=1}"~{n-1} \sum_{i=1}"~{n- 1}
[(i,j)=11)+2%$0%$2%$ O O $(0,1)$0$(1,00s0 0 0 D OO $(\sum_{g=1}"n\mu(g) \Ifloor n / g\rfloor
A2)4+2$00 0000

SDOI2015 00000

godooooooodgo
O $n'=\dfrac ng$J$m'=\dfrac mg$0

$$ \begin{aligned} \sum_{i=1}"n\sum_{j=1}"m d(ij) =&\sum_{i=1}"n\sum_{j=1}"m [(i,j)=1] \\
=8&\sum_{i=1}"n\sum_{j=1}"m {\left\Ifloor \dfrac ni\right\rfloor} {\left\Ifloor \dfrac mj\right\rfloor}
\sum_{g \mid (i,j) \mu(g) \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{\left\Ifloor n/g\right\rfloor}
\sum_{j=1}"{\left\Ifloor m/g\right\rfloor} \dfrac n{ig} \dfrac m{jg} \\
=&\sum_{g=1}"n\mu(g)\sum_{i=1}~{n'} \sum_{j=1}"{m'} \dfrac {n'}i \dfrac{m'}j\\
=&\sum_{g=1}"n\mu(g)\sum_{i=1}"~{n'} \dfrac {n'}i\sum_{j=1}"{m'} \dfrac{m'}j \\
\end{aligned} $$

00000000 $f(n)=\sum _{i=1}"n\dfracni$ 000000000000 0OOOOODOOOOO
$finsj0 000000000 00oooogd $\sum {i=1}"{n'} \sum_{j=1}"{m'} \dfrac {n'}i
dfrac{m'}ji$ 000 0000000000000 000O000 $\mathcal{O}1)$s O OO

00000000 $\mathcal{O}(n\sqrt{n})$00 00O O OO OO $\mathcal{O}(\sqrt{n})$0

HNMTC2015#5 Lucas(] O [

000 SDOoRR0ISO00O00 000000000000 $\mu$s 0O OO $\mathcal{O}(n)$ 0O OO
0000000000000 0000000000 $\mu(n)$ 00000 $\mathcal{O}(n ~{2/3})$ O
goodgood
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LOJ6627 O DO OO OO

gboboogoboboooooboo

0000 $k=\frac {p}{af\ge 1$ 00 $p,q$00 0000 0O $x$0$x+kx>k~2x$ 000000
$k<\Phi=\frac{1+\sqrt 5}{2}$ 00 $q\le p<\Phiq$ [0 0O $x$ 000 $q™2$¢ 000000 $q\le\sqrt
n$ 00 $x=iq™2¢ 00000

$$ \begin{aligned} &sum_{g=13}"{\sqrt n}\sum_{p=q} "~ {\Phi
g} (p,q)=11\sum_{i=1}"{+\infty}[ip~2\le n]\\ =&\sum_{q=1}"{\sqgrt n}\sum_{p=q} "~ {\Phi
g} (p,g)=1N\left\Ifloor\dfrac{n}{p~2}\right\rfloor \end{aligned} $$

OO0000 $p$ 000000 $psO 00000 $xk~2=ip~2\le n$$p\le\sqrtn$ 000 OO DO OO

$$=\sum_{p=1}"{\sqrt
nHleft\Ifloon\dfrac{n} {p~2}\right\rfloor\sum_{qg=\Iceil\frac{p} {\Phi}\rceil} ~{p}[(p.q)=1]1$$

O000000 $q$0000ooooooooon $\varphi(p)-
\sum_{i=1}"{\Iceil\frac{p}{\Phi}\rceil -1}[(i,p)=11$ 0O $\sum {i=1}~{n}(i,p)=11$ 000000
$\sum_{d\mid p\mu(d)\Ifloor\frac nd\rfloor$ JO 0O $p$ 00 $p$ 00000 $d$ 000 $1\simn$ O
00000 $\mathcal{O}(n\logn)$ 0000000 $\mathcal{O}(\sqrt n\log n)$

OO0 00000 $\mathcal{O}(\sgrt n\log\log\sqrtn)$ 00 0000000000000 OOOOOO
00000000 $g(n)=(f\times\mu)(n)$ 00000000 $n$ 000 $d$0 0000000
$p_is 000000000

HEN

000000000000 GCDOOO0OOO0ONOONONOOONOODOOn $\arepsilon(n)$ 0000
00000 $\mu(n)$000000000000000000O000DOO00O0000O0000000
$\mu(n)$ 0000000 $\mathcal{O}(\sqrt{n})$ DO OO OO

e $\epsilon = \mu \times 1$[J$n = \varphi \times 1$

e J00DODOD $\mu$0 00000000000 D0DO0O0DOO0ODO0OO0O0

e J00ID00OODOODODOGEDOOODO $g$0 %SO S0 DO0DLOODODODODOOODOO
00 $ig$0 $jg$ 000000 $940 0000000000000 0000O0ODODOO -GCDO
0o

e JI0ODODOOODODDOUOOODODUOOOODODUOOODDOOODODOO

From:
https://wiki.cvbbacm.com/ - CVBB ACM Team

Permanent link:
https://wiki.cvbbacm.com/doku.php?id=2020-2021:teams:i_dont_know_png:nikkukun:mobius_inversion&rev=1589259674

Last update: 2020/05/12 13:01

CVBB ACM Team - https://wiki.cvbbacm.com/


https://loj.ac/article/1679
https://blog.sengxian.com/algorithms/mobius-inversion-formula
https://blog.sengxian.com/algorithms/mobius-inversion-formula
https://blog.sengxian.com/algorithms/mobius-inversion-formula
https://blog.sengxian.com/algorithms/mobius-inversion-formula
https://wiki.cvbbacm.com/
https://wiki.cvbbacm.com/doku.php?id=2020-2021:teams:i_dont_know_png:nikkukun:mobius_inversion&rev=1589259674

	莫比乌斯反演
	积性函数
	性质
	常见积性函数

	狄利克雷卷积
	性质
	常用狄利克雷卷积关系

	整数格上的莫比乌斯反演
	莫比乌斯函数
	莫比乌斯反演
	莫比乌斯反演与前缀、差分的联系

	应用
	二维GCD计数前缀和
	不使用函数变换的方法
	使用函数变换的方法

	求约数个数和

	练习
	POI2007 Zap
	HAOI2011 Problem b
	BZOJ2820 YY的GCD
	SDOI2008 仪仗队
	SDOI2015 约数个数和
	HNMTC2015#5 Lucas的数论
	LOJ6627 等比数列三角形

	总结


