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Jouood

oot

OoDooOoOoOOooooooOooooOoOoOoOoOoDoOOO $f$00 $\foralla, b$ OO $(a, b) =100 0 O
$$ f(ab) = f(a) \cdot f(b) $$

00 $fs00000000000000000O $(a,b)=1$000000000 %$00000000O
00 $fs0000000000000000O0O $$000 $p$00000O0O $f(pra)$f00nOODO

00 $fs0
00

0 ¢f,g$00000000DO0OO0O0OODODOOOO

$$ h(n) = f(n~p) \\ h(n) = f~p(n) \\ h(n) = f(n)g(n) \\ h(n) =\sum _{d \mid n} f(n) g \left(\dfrac nd
\right) \\ $$

goooon

ooooonon
$$ [P] = \begin{cases} 1, &P \text{ is true} \\ 0, &P \text{ is false} \\ \end{cases} $$

000 0O Q$\varepsilon(n) = [n = 11$
O000pgs\mathrm{id}(n)=n$j0 00000000 $n$ 000
O0000$l(n) =140 00000000 $1$00 0O

0 00O 0OQ$\varphi(n) =\sum_{1\leqi\leg n} [\gcd(i, n) = 1]$
0000[Q%$d(n) =\sum_{d \mid n} 1%

0000 0Qg$\sigma(n) =\sum_{d \mid n} d$

ooogo

00000 ¢$f,e$J0 0000000000

$$ (f \times g)(n) =\sum _{d \mid n} f(n) \cdot g \left(\dfrac nd \right) $$

gd

gobogooobod
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e OO

gddddddodoododoooduuugguo

guoooobobbobd

OO0D00OO0O00OD0OOQ$n =\varphil\times 1$00 000000

oo Oon
O $n$00 $n=12$000000

$$\dfrac 1{12}\dfrac 2{12}\dfrac 3{12}\dfrac 4{12}\dfrac 5{12}\dfrac 6{12}\dfrac 7{12}\dfrac
8{12}\dfrac 9{12}\dfrac {10}{12}\dfrac {11}{12}\dfrac {12}{12}$$

googod

e $\dfrac 1{12} \dfrac 5{12} \dfrac 7{12} \dfrac{11}{12}$0$\varphi(12)=4$]
 $\dfrac 1{6},\dfrac 5{63}$$\varphi(6)=2$[]

e $\dfrac 1{4},\dfrac 3{4}$0$\varphi(4)=23[]

e $\dfrac 1{3}\dfrac{2}{3}$0$\varphi(3)=2$[]

o $\dfrac 12$0%$\varphi(2)=1%$[]

e $\dfrac 11$[$\varphi(1)=1$[]

ooogoooood

goooon

oo LUUL U
O0O0O0O0ooo $\mu(n)$g

$$ \mu(n)= \begin{cases} 1, &n = 1\\ (-1)"m, &n = \prod_{i=1}"m p_i~{k_i}\\prod {i=1}"m
k i=1\p_i\text{ is a prime} \\ 0, &\text{otherwise}\\ \end{cases} $$

$\mu(n)$ 000000

e $\mus 00000
e $\sum_{d \mid n} \mu(d) = [n = 1]$

0000000 $\mu(n)$ 0000000000000000000000 $n=1$400000000
00000 $\ged(i, ) =1$0000000000000

goodoogd

void InitMu

mu = 1;
int i = 2; 1 < N; i++
InotPrilil) pri[siz++] =i, muli] = -1;
int j =0; j <siz & 1 * prilj! < N; j++
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int nxt =1 * prilj|;
notPri/nxt ;
i% pri
mu | nxt

I -l

-mulil;

mu | nxt ;

’

0000000000000 000D00000D000000DoO000oDoOoOOO0Og$\mu()=0%$0
0000000000000 0000000 $\mu(i)=-\mu()$0000

goooonb

000 $f(n)$ 0 $g(ns 000 O00DODO

$$ f(n) =\sum _{d \mid n} g(d) \Leftrightarrow g(n) = \sum _{d \mid n} \mu \left( \dfrac nd \right) f(d)
$$

ogooog
$$ g = f\times 1 \Leftrightarrow f = g \times \mu $$
goooooooon

O0000000%1$000 $\musgd $\varepsilon = 1 \times\musJO OO OO0 OO0 $(\mu \times
(N)$ 0000000 $n$ 00000000 $1$0

00 $n$ 0000000 $n$0 $m\geql$ 000000000 $\binomml$ O OOOODODO
O"0$\binomm2$ 0 0O OO0O0OO0OOOOODOOOOO

$$ (-1)\cdot \binom m1 + (-1)~2 \cdot \binom m2 + \cdots + (-1)"m \binom mm =[1 + (-1)]"m -1
$$

00 $1$000000%03000000 $n=1$000 $(\mu\times 1)(n)$ OO $1$0 O $\varepsilon =
1 \times \mu$[]

0000000000000 00000D0000 $fn)$s0 $9m$0000ODO0ODO

$$ f(n) =\sum _{n\mid d} g(n) \Leftrightarrow g(n) = \sum _{n\mid d} \mu \left( \dfrac dn \right) f(d)
$$

gobogoooo

e $\varepsilon = \mu \times 1%
e $n = \varphi \times 1 \Leftrightarrow \varphi = n \times \mu$
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gobooobboobobboobbooobbg

O$ns 000000 $n=\prod {i=1}"mp i~{ki}$g0 $n$ 000 000OOCOOO0O $(k 1, k2,
\ldots, k m)$[00 $n$ 000D O $d$ 00000 $(k 1,k 2,\ldots, k m)s 00O OO0 O0OODOOO
000000 $f=g\times1$0 $f$ 000 $g$ 000000 O0OOODOOOO $\musOOOOOO
0000000000000000 $\Zww$OoOooooooooooooo

000000000000 $g9(n) =(f\times\mu)(n)$ 0000000000 $n$000 $d$Q0 000
00000 $p i$00000000O0O $pis00000DO0OO00O0ODODODOOOODODOO

HEN

goeCboonogn

00 $n, m, k$0O $\sum_{i=1}"n\sum_{j=1}"m [\gcd(i,j) = kI$0

gobogooogad

googd

$$ \begin{aligned} \sum {i=1}"n\sum_{j=1}"m [(i,j)=k] =& \sum_{i=1}"n\sum {j=1}"m
\left[\left(\dfrac ik,\dfrac jk\right)=1\right] \\ =& \sum_{i=1} ~ {\Ifloor n/k \rfloor} \sum_{j=1} ~
{\Ifloor m/k \rfloor} \sum_{g\mid(i,j)} \mu(g) \ =& \sum_{i=1} ~ {\Ifloor n/k \rfloor} \sum_{j=1} *
{\Ifloor m/k \rfloor} \sum_{g \mid i \land g \mid j} \mu(g) \\ =&
\sum_{g=1}"n\sum_{i=1}"{\left\Ifloor n/kg\right\rfloor} \sum_{j=1}"~{\left\Ifloor m/kg\right\rfloor}
\mu(g) \\ =& \sum_{g=1}"n\mu(g) \sum_{i=1}"{\left\Ifloor n/kg \right\rfloor}
\sum_{j=1}"{\left\Ifloor m/kg\right\rfloor} 1 \\ \end{aligned} $$

O $\left\Ifloor \dfrac ng\right\rfloor$ O O 0O 0O O $\sqrt{n}$ O O O O$\left\Ifloor \dfrac ng\right\rfloor$
O $\left\Ifloor \dfrac mg\right\rfloor$ 0 OO O O $\sqgrt{n}+\sqrt{m}$ 000000 OC 00O $[1,n]$ O
O $\sgrt{n}+\sgrt{m}$ 0O 00O OO $\left\Ifloor \dfrac ng\right\rfloor$ O $\left\Ifloor \dfrac
mao\right\rfloors OO DO O0D0DO0O00O0OO0 $\mu$s OO OO0DOODOOOO $\mathcal{O}1)$ OO OO
0000000 $\mathcal{O}(\sgrt{n}+\sqrt{m3})$[

goboooboo

0O $f(k)=\sum_{i=1}"n\sum_{j=1}"m [(i,j)=k]$0%$g(k)=\sum {i=1}"n\sum {j=1}"m [k \mid (i,j)1$[]
O$fké$00oonDoooonooon $k\mid (i,j) \Leftrightarrow k \mid i\text{ O } k\mid j$Q0
0 $g(k)=\left\Ifloor \dfrac nk \right\rfloor \left\Ifloor \dfrac mk \right\rfloor$]

00 $g(k)=\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}f(d \times k)$00 O O O

$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}g(d \times k)\mu(d) \\
=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac n{dk} \right\rfloor \left\Ifloor \dfrac
m{dk} \right\rfloor\mu(d) \end{aligned} $$
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O $n'=\left\Ifloor \dfrac nk \right\rfloor,m'=\left\Ifloor \dfrac mk \right\rfloor$[]C

$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac {n'}d
\right\rfloor \left\Ifloor \dfrac {m'}d \right\rfloor\mu(d) \end{aligned} $$

00000000 $n',m'$000000000000 $\mathcal{0}(\sqrt{n}+\sqrt{m})$ O O

0000000000000 0DOCO0O0000DCOO000oDooOO sisjoooooooon $i%0
HEN

$$ \begin{aligned} \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \left\Ifloor \dfrac {n'}j \right\rfloor \\
\Rightarrow \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \dfrac {n'}j \\ \Rightarrow j & \leq \dfrac
{n'}{\left\Ifloor {n'}/i \right\rfloor} \\ \Rightarrow j & \leg \left\Ifloor \dfrac {n'} {\left\Ifloor {n'}/i
\right\rfloor}\right\rfloor\\ \end{aligned} $$

0000 $m$gd O $j=\min\left( \left\Ifloor \dfrac {n'}{\left\Ifloor {n'}/i \right\rfloor}

\right\rfloor,\left\Ifloor \dfrac {m'} {\left\Ifloor {m'}/i \right\rfloor} \right\rfloor\right)$0 O O 0 0O O O
oodoooooooooOon

guoooon

goobogooo
$$ d(ij) = \sum _{x\mid i} \sum _{y\mid j} [(x, y) = 1] $$
goboooobooogoo

D000000 $x$ 0000000 $y$0000000000 $p$00 $p~a \mid i\ p~b \mid j$00
$p~{a+b} \mid ij$g0
e $pM0\MId x$J0 O DO $y$ 0O O OO $p~1,\ldots, p7™b$ 00D DO ODOODOOOO $d\mid
p~{a+1}, d\mid p~{a+2}, \ldots, d \mid p~{a+b}$[]
e $p”~1\mid x, p~2 \mid x, \Idots, p~a\mid x$(00 00 $x$ OO0 OO0 $p~1,\ldots, p~as O OO0
0000000 $d\mid p~{1}, d\mid p~{2}, \Idots, d \mid p~{a}$[
e $p™0\midx$ 0 $g”0\midy$ 000000000 $d\mid p~0$[

Oo0o0o0 $p”0, p”1,\ldots, p~{a+b}$ 000 0000000000000 0OO0O0O0O0O0O0O0O0OO

HEN

O000000o0ogooooo $G)=1s000000000000000000DO00OO0000ODO0OO

POI2007 Zap

oo eCbOOoOOonOOd
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POI2007 Zap OO OO OODOOODOOOOODODOO

BZ0J2820 YY[] GCD

O0O000 GCOhOOOODOOOOOD ¢$G,j)s0ooo0oooo0ono s\WmusC0oonoon

SDOI2008 0 O O

0000000 $Gj=1500 sos00ooooood $(sum_{i=1}~{n-1}\sum_{j=1}"{n-1}
[(i,j)=11)+2$0%$2% O O $(0,1)$0$(1,0030 0 0 0 00O $(\sum_{g=1}"n \mu(g) \Ifloor n / g\rfloor
A)+2$0 0000

SDOI2015 00000

O0ooooooooon
0 $n'=\dfrac ng$[1$m'=\dfrac mg$[0]

$$ \begin{aligned} \sum _{i=1}"n\sum_{j=1}"m d(ij) =&\sum_{i=1}"n\sum_{j=1}"m [(i,j)=1]\\
=&\sum_{i=1}"n\sum_{j=1}"m {\left\Ifloor \dfrac ni\right\rfloor} {\left\Ifloor \dfrac mj\right\rfloor}
\sum_{g \mid (i,j) \mu(g) \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{\left\Ifloor n/g\right\rfloor}
\sum_{j=1}"{\left\Ifloor m/g\right\rfloor} \left\Ifloor \dfrac n{ig} \right\rfloor \left\Ifloor \dfrac m{jg}
\right\rfloor \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{n'} \sum_{j=1}"{m'} \left\Ifloor \dfrac {n'}i
\right\rfloor \left\Ifloor \dfrac{m'}j \right\rfloor \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{n'} \left\Ifloor
\dfrac {n'}i \right\rfloor \sum_{j=1}"{m'} \left\Ifloor\dfrac{m'}j \right\rfloor \\ \end{aligned} $$

00000000 $f(n)=\sum_{i=1}"n \left\Ifloor \dfrac ni \right\rfloor$ 0 000000000000
O000D0000 $f(n$f000000000000000000 $\sum_{i=1}"~{n'}
\sum_{j=1}"{m'} \left\Ifloor\dfrac {n'}i\right\rfloor\left\Ifloor\dfrac{m'}j\right\rfloor$ 0O OO OO O
000000000000 00 $\mathcal{O}1)$ 0O O

00000000 $\mathcal{O}(n\sgrt{n})$00 0 00O 0O OO $\mathcal{0}(\sqrt{n})$[]

HNMTC2015#5 Lucas O [

OO0 SDoi20150 0000 000000000000 $\mus 0000 $\mathcal{O}n)$ OO OO
0000000000000 0000000000 $\mu(n)$ 00000 $\mathcal{O}(n ~{2/3})$ O
goooooo

LOJ6627 O DO OO OO

gbobogoboboonbooboo
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0000 $k=\dfrac {p}{qi\ge 1$ 00 $p,q$00 00 000 $x$0$x+kx>k~2x$ DO OO OO
$k<\phi=\dfrac{1+\sqrt 5}{2}$ 00 $q\le p<\phiq$ 00O $x$ 000 $g™2$ 000000 $q\le\sqrt
n$ O $x=iq~2$ 00000

$$ \begin{aligned} &\sum_{g=1}"{\sqrt n\\sum_{p=q} "~ {\phi
g} (p.q)=1)\sum_{i=1}"~{+\infty}[ip~2\le n]\\ =&\sum_{qgq=1}"{\sqrt n}\sum_{p=qg} "~ {\phi
g}l(p,q)=1\left\Ifloor\dfrac{n} {p~2}\right\rfloor \end{aligned} $$

00000 $p$ 000000 $p$ 000000 $xk 2=ip~2\le nsOsp\le\sqrt n$ (00000000

$$=\sum_{p=1}"{\sqrt n}\left\Ifloor\dfrac{n}{p”"2}\right\rfloor\sum_{qg=\Iceil p / \phi
\rceil}~{p}(p,q)=11$$%

D000D000 $$00000000000000 $\warphi(p)-\sum_{i=1}~{\Iceil p / \phi \rceil

-1} (1,p)=1]1$ 0O $\sum_{i=1}~{n}(i,p)=11$ DO OO OO $\sum_{d\mid p}\mu(d)\Ifloor\dfrac
nd\rfloor$ JO O $p$ 00 $p$s 00000 $d$ 000 $1\simn$s 000000 $O0(nlogn)$ 00 OO0
00 $0(\sgrt n\log n)$ [J

OO0 00000 $0(\sqgrtn\log\log\sqrtn)s OOO0O0O0O0O0O00O0O0O0O00O00O0COOOOOGOOOO
000 $g(n) = (f\times\mu)(n)$ 00000000 $n$ 000 $d$0 00 0O0OO0ODO $pis0ODODODO
Oo00oo

00

000000000000 GCDOOOODODOO0ODO0ODO0DO0DO0DOOO $\arepsilon(n)$ 0000
00000 $\mu(n)$000000000000000000000O000O0000000000
$\mu(n)$ 0000000 $\mathcal{O}(\sqrt{n})$ OO0 O OO0

e $\varepsilon = \mu \times 1$J$n = \varphi \times 1%

e JOD0ODOOODLOD $\mu$[UOOOOLODLOOUODODOOOOLODOOODLODOOODnOO

e 00000 DOODOODOOGEDOODODO $g$0 %SO S0 DO0DODOODODODODOOODOO
OO0 $ig$0%jos 000000 $g$ 000000 DODODO0O0ODODODOODOODODO -GCDbU
og

e J000000000000000O00OO0OO0OOOOOOOOO
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