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&\{0|\epsilon\}=\frac{\epsilon} {2}\\ &\{0,1,2,3,\cdots,\omega|\} =\omega+1\\
&\{0,1,2,3,\cdots|\omega\}=\omega-1\\ &\{\omega|\omega+1\}=\omega+\frac{1}{2}\\
\end{aligned}\\ $$
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$$ \frac{\pi}{2} = \lim_{n \to +\infty \frac{[\frac{(2n)!!}{(2n-1)!1}]~ {2} }{2n+1} $3
StirlingD O

$$ n\sim\sqrt{2\pi n}(\frac{n}{e})~{n} $3$
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N=0$0000000000000000OO

$$ \begin{cases} &nabla f(\mathbf{p})+\sum {i=1}~{m}\lambda {i}\nabla
h_{i}(\mathbf{p})+\sum_{i=1}"{n}\mu_{i}\nabla g_{i}(\mathbf{p})=0\ &h_{i}(\mathbf{p})=0\
&mu_{i}g_{i}(\mathbf{p})=0\\ &mu_{i}\geO\\ &g_{i}(\mathbf{p})\le0 \end{cases} $$
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O0000%a {0} =a {n}=0,a {i}\ge O, |a_{i}-a {i+1}\lel$gO s0$000O$M {n}$ 00O 0ODO
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e 0 $\{1,2,\cdots, M\}$ 00000000000 OOO
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e $(x)_{n}=\sum {k=0}"~{n}s(nk)x"{k}$
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e $\begin{bmatrix}n\\m\end{bmatrix}=\sum_{k}\begin{bmatrix}n+1\\k+1\end{bmatrix}{k\cho
ose m}(-1)~{m-k}$

e $\begin{bmatrix}n+1\\m+1\end{bmatrix}=\sum_{k=0}"~{n}\begin{bmatrix}k\\m\end{bmatri
xHfrac{n'}{k'}$

e $\begin{bmatrix}m+n+1\\m\end{bmatrix}=\sum_{k=0}"{m}(n+k)\begin{bmatrix}n+k\\k\en
d{bmatrix}$

¢ $\begin{bmatrix}n\\[+m\end{bmatrix} {I+m\choose
[}=\sum_{k}\begin{bmatrix}k\\end{bmatrix}\begin{bmatrix}n-k\\m\end{bmatrix} {n\choose
k}$
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[0 [I$\begin{ Bmatrix }n+1\K\end{Bmatrix} =K\begin{Bmatrix} n"\Kiend{Bmatrix} +\begin{Bmatrix} n\\k-1\end{ Bmatrix} (k>0)$]
$\begin{Bmatrix}0\\0\end{Bmatrix}=1$[]$\begin{Bmatrix}n\\0\end{Bmatrix}=\begin{Bmatrix}0\\n\e
nd{Bmatrix}=0(n>0)$0 0 000 00O

e $\begin{Bmatrix}n\\k\end{Bmatrix}=\frac{1}{k!\sum_{i=0}"{k}(-1)~{i}{k\choose i} (k-
)~ {n}$

0000000000000 000 $\mathcal{O}n\logn)$ OO 000 $n$00000000O0O0O0O
O

e $\sum_{k=0}"{n}\begin{Bmatrix}n\\k\end{Bmatrix}(x) {k}=x"~{n}$
e $B {n}=\sum_{k=0}"{n}\begin{Bmatrix}n\\k\end{Bmatrix}$J0 O $B {n}$ 00000

0000000 $k$g$\{\begin{Bmatrix}n\\k\end{Bmatrix}\}$ 000000
$\displaystyle{\sum_{n=k}~{+\infty }\begin{Bmatrix} n\\k\end{Bmatrix}x~ {n}=\frac{x" {k} } {\prod
Ai=1}"{k}1-kx}}$Q000O0O0O0O0O0O0O
$\displaystyle{\sum_{n=k}~ {+\infty }\begin{Bmatrix}n\\k\end{Bmatrix}\frac{x~ {n} }{n!}=\frac{(e
~{x}-1)7{k}H{k!'}}s$0

0og

0$B {n}$00000 $n$ 00000000000 $B {n}$00 0

$B {n+1}=\sum {k=0}"{n}{n\choose k}B {k}$[1$B {n}=\sum {k=0}"{n}S(n, k)$00 O $S$ O O
O0000o0oooooono $p$d $B {n+p~{m}HequivmB {n}+B {n+1}\pmod{p}$J0 OO OO0
00 $\sum_{n=0}"{\infty}\frac{B_{n}}{n!}x~{n}=e~{e~{x}-1}$00 $0$ 000 O$B {n}$ 0O OO
00O $$ \begin{aligned} &1,1,2,5,15,52,203,877,\\ &4140,21147,115975,678570,\\
&4213597,27644437,190899322,\\ &1382958545,10480142147,82864869804,\\
&682076806159,5832742205057,51724158235372,\\
&474869816156751,4506715738447323,44152005855084346,\\
&445958869294805289,4638590332229999353,49631246523618756274 \end{aligned} $$
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O $\bar{G}$ 0 $n$ 0000000000 DO $m$ 00 000D $n$0 0000000000000
$l=\frac{1}{|\bar{G}|}(m~{c(\bar{a_{1}})}+m~{c(\bar{a_{2}})}+\cdots+m~{c(\bar{a_{g}})})$0
00 $c(\bar{a {i}})$ 0000 $\bar{a {i}}$ 000000

Joogood

00000000000 $T {n}(\cos x)=\cos nx$ 0O O $\displaystyle{[x~{m}IT_{n}=(-1)"{\frac{n-
m}{2} N\frac{n}{m}{\frac{n+m}{2}-1\choose m-1}2~"{m-1}}$ 00000000 O0OO
$U_{n}(\cos x)=\frac{\sin(n+1)x}{\sin x}$ 00 O $\displaystyle{[x~{m}]U_{n}=(-1)"{\frac{n-
m}{2}}{\frac{n+m}{2}\choose \frac{n-m}{2}}2~{m}}$ [
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0 Schr\ddot{o}der O

0 $S {n}$ 000 $00$00 $(nn$0 00000000 DD0000OODOO00 $0,0$0
$nnN)$ 000000000000 00O0

$S {0}=1,S {1}=2,S {n}=3S_{n-1}+\sum {k=1}"{n-2}S {k}S {n-k-1}$0$S {n}$ 00O 0OOO0ODO
$\frac{1-x-\sqrt{x"~{2}-6x+1}}{2x}$[0$S_{n}=\sum_{i=0}"~{n}\frac{1}{n-i+1}\frac{(2n-i)!}{i'((n-
N~ {2} 130

$S {n}$000000O0ODO $n+1l$000000O0O0OOO

O0$0$000$S {n}$s 000000 $%\begin{aligned} &1,2,6,22,90,394,\\
&1806,8558,41586,206098,\\ &1037718,5293446,27297738\\
&142078746,745387038,3937603038,\\ &20927156706,111818026018,600318853926,\\
&3236724317174,17518619320890,95149655201962,\\
&518431875418926,2832923350929742,15521467648875090 \end{aligned} $$

0 Schr\ddot{o}der O

0 $s {0}=1,s {i+1}=\frac{S {i}}{2}$00 0 $s {n}=\frac{1}{n}((6n-9)s {n-1}-
(n-3)s_{n-2})$0%s {n}$s 00 0O0ODO

e 0 $n+1$0000000OO
eI $n$00000OD0ODOO

Oooon

O $p$0000%a,bs 0 $p$ 000000000 $\overline{\cdots a_{n}\cdotsa {0}}$ O
$\overline{\cdots b_{n}\cdots b {0} }$00 O ${a\choose b}$ 0D D OO0 $ps 00O OO0
$\overline{\cdots a_{i}\cdots a_ {0} }<\overline{\cdots b_{i}\cdots b {0}}$ 000 $is 000 0O0ODO
000 $a<b$ O00O${a\choose b}=0$J0 00000 $i$00000000O00OOO0OOO0O0OODOOO
OO0 %b$0%a-b$ 00 $Sp$s 00000000 ODOOODOOOOODOOODOOODOOQ${a\choose b}$

O$p$ 000000 $\log_{p}ash

oogood

O $f:\{1,2,\cdots,n\}\to\{1,2,\cdots,n\}$[]0 $\overbrace{f\circ\cdots\circ f}~{kO }(i)=f(i)$ O
$\{1,2\cdots,n\}$ 0000000000 $00000000 $\exp(\sum_{i\mid k-1}(x\cdot
\exp(x))~{i}/i)$
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0000 $S$0 000000000000 oo0oooooonoon $s¢s00000D00o0n
$\sum_{i=1}"~{|S|}1..i\text{ is border}]|\Sigma|~{i}$00 O

0O

$\sum{n\choose2k} {k\choose m}=\frac{n}{n-m}{n-m\choose n-2m3}2~{n-2m-1}$

HpN

Joodoogg

O $<x_ {0}, x {1} x {2},x {3} \cdots> =

X {0}+\frac{1}{x {1}+\frac{1}{x {2}+\frac{1}{x {3} +\cdots}}}$ 000 O $x {i}>0(i\gel)$ OO
$\frac{p_{n}}{q n}=<x {0}, x {1} \cdots,x {n}>$ 0000 $n$ 00 000ODOOOOO
$p_{-1}=1,q_{-1}=0$ (000 OO
$p_{n}=x_{n}p_{n-1}+p _{n-2},g {n}=x_{n}q_{n-1}+q_{n-2}(n\gel)$ JO0 O OO O0OOOOOOO
$\xi_{n}=<x_{n}x {n+l}\cdots>$ 0000 $n$ 000 0ODOCOO

$\xi {0}=\frac{p_{n}\xi {n+1}+p {n-1}}{q {n}\xi {n+1}+q {p-1}}$00000000CODO0OO0O
O0oooOoooooooOon
$<x_{0},\cdots,x_{m_{0}-1},<\overline{x_{m_{0}}\cdots,x {m_{0}+I-1}}>>$[000 $I$ O

$\xi {0}$ 00000 $\Wxi_{0}=\frac{\sqrt{d}+c_{0}}{r {0}},q {0}|d-c~{2} {0}$sO OO
$\xi_{n}=\frac{\sqrt{d}+c {n}}{r {n}}$ 000 $r {n+1}=r {n-1}+\frac{c_{n}~{2}-

c {n+1}~{2}}{r {n}}=r {n-1}+(c_{n}-c_ {n+1})x {n}$,$c_ {n+1}=x {n}r {n}-
c_{n}$,$a_{n}=\Ifloor\xi_{n}\rfloor(n\gel)$

00000000000$x-dy™{2}=1$ 0 $x-dy~{2}=-1$[J0 $d$ 00000 O000DOOO0OO0ODOO
$(\pm1,0)$00 00000000 $d$ 000000000 $\xi_ {0}=\sqrt{d}$f0 000000000
O $Is00 0000 $\frac{p_{n}}{g {n}}$00 O

e 0$$0000000000000000 $x=p_{jl-1}.y=q_{jl-1},j=1,2,3,\cdots$]0 000 OO
O

e 0$$0000000000000000 $x=p_{jl-1},y=q_{jl-1},j=2,4,6,\cdots$]0 0000 O
00000 $x=p_{jl-1},y=q_{jl-1},j=1,3,5,\cdots$

goddgoooooooooo

e0$$00000000000000O0 $x+y\sqrt{d}=\pm(p_{I-1}\pm
g _{I-1}\sqrt{d})~{j}.j=0,1,2\cdots$l0 00 OO OO

e S$$0D00000O00ODOOODODOO $x+y\sgrt{d}=\pm(p_{I-1}\pm
a_{I-11\sqrt{d})"~{j},j=0,2,4\cdots$(0 0000000 OO0 $x+y\sqrt{d}=\pm(p_{I-1}\pm
a_{I-1}\sqrt{d})~{j}.j=1,3,5\cdots$

OO0O0DOoo0 $x~{2}-ny~{2}=k$J0 O Brahmagupta’s identity O
apgs@a~{2}+nb”~{2})(c™{2}+nd™{2})=(ac-nbd)~{2}+n(ad+bc)~{2}=(ac+nbd)”~ {2} +n(ad-
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bc)~{2}$00

0 $(x {1}y_{1}$ O $x~{2}-ny™{2}=k$ 00 0 00$(x_{2}y_{21)$ 0 $x"{2}-ny~{2}=1$ 000
00 $(x {13 {23-ny_{1}2)(x {2}~ {2}-ny_{2}2})=(x {1}x_{2}+ny_{1}y_{2})"{2}-
n(x_{1}y_{2}+x_{2}y_{1D)"{2}=(x_{1}x_{2}-ny_{1}y_{2}"~{2}-n(x_{1}y_{2}-
x_{2}y_{1N~ {2} =k$00 0 $(x_{1}x_{2}+ny_{1}y_{2}.x_{1}y_{2}+x_{2}y_{1})$ O
$(x_{11x_{2}-ny_{1}y_{2} x_ {1}y_{2}x {2}y {1)$ 00000000

00 $ax~{2}-by*{2}=c$ 0000000000 $(ax)~{2}-aby™{2}=ac$ 00O OCOOODO

Oooon

O $\forall a, b, n\in N~ {+}, b\ge \phi(n)$J0 $a ™ {b} \equiva ™ {b\% \phi(n) + \phi(n) \pmod{n}$[
00 $b\ge\phin)$ 00 000000000000 O00O0O0O0 $\phin)$0 000000000

Joodn

$$ \prod_{i=1,\gcd(i,m)=1}"{m}i\equiv\begin{cases} &1&(m=1,2,4,p"{I},2p" {1} \text{ p is odd
prime})\\ &1&(\text{otherwise}) \end{cases}\pmod{m} $$

googogd

0O $f(a,b,c,nt {1}t {2})=\sum _{i=0}"~{n}i~{t {1} }\Ifloor\frac{ai+b}{c}\rfloor™~{t {2}}$00 00O
0000000000000 00D00000oOsesOonoonooonooonono sonNo}=1s0

00 $m=\Ifloon\frac{an+b}{c}\rfloor$J$g {t}(x)
x™{t}=\sum_{i=0}"{t-1}g_{ti}x~{i}$0$h_{t}(x
x_{i}s0

e O $t {2}=0$00 O

=(x+1)"{t}-
)=\sum_{i=1}~{x}i~{t}=\sum {i=0}"{t+1}h {ti

$$ 00 =h_{t_{1}}(n)+[t_{1}=0] $$
e 0 $m=0$00 0

$$00=0%$
e 0 $a=0$00 O

$$ 0 O =\Ifloor\frac{b} {c}\rfloor™{t_{2} }(h_{t_{1}}(n)+[t_{1}=0]) $$
* [ $a\ge c$ O $h\ge c$00 O

$$0 0 =\sum_{u_{1}+u {2}+u_{3}=t {2}}{t {2}\choose
u {1},u {2},u_{3}}(\Ifloon\frac{a}{c}\rfloor)”™{u_{2}}(\Ifloon\frac{b}{c}\rfloor)”™{u_{3}}f(a\%c,b\%
cent {1}+u {2},u {1}) $%

e 0 $0\le a,b<c$)0 O
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$$0 0 =m~{t_{2}}h_{t {1}}(n)-
\sum_{u=0}"{t_{2}-1H\sum_{v=0}"~{t {1}+1}g_{t {2}u}h_{t {1}v}f(c.c-b-1,a,m-1,u,v) $$

00000 $t {1}=0,t {2}=1¢000 0O
e O $M=0$00 O
$$0 0 =0%%
e 0 $a=0$0 0O
$$ 0 O =\Ifloor\frac{b} {cHrfloor(n+1) $$
e [1 $a\ge c$ O $b\ge c$00 O
$$ 0 0 =\frac{n(n+1)} {2 N\Ifloor\frac{a} {c}\rfloor+(n+1)\Ifloor\frac{b} {c }\rfloor+f(a\%c,b\%c,c,n) $$
e 0 $0\le a,b<c$10 O
$$ 0 O =nm-f(c,c-b-1,a,m-1) $$

gd

0O

$x™M{2}+y ™ {2}=t$ 00000000 $4(\sigma_{1}(t)-\sigma {3}(t))$00 O $\sigma {1}(t)$ OO
$t$ 00000 $4$0 $1s00 0 0%\sigma {3}()$s 00 $t$ 00000 $430 WO OO0 OOOODO
000 $t$00 $4k+3s 0000 $p$ 000 0DO0O0ODOOOOODOOODOO $4k+1$0 000000
0000 $4s0

OO0 $m$O0000 $c {1},c {2} \cdots,c {m}$s0 0000 OOOCO0OOO0O $c {m-1}c {m}$sJ00C O
$\gcd(c_{1},c {2} \cdots,c {m})$ 0O OO0 O00ODO0OO $m$ OO OO0 OODOOOODOOOOO

EREpEEN

oo oo OO
gobogobobuogoboboonooooon

ooy

googoggn

0$G$ 0000000 $|G|=n$00 $G$ 00O 0OOO $a$ 0 $a~{n}=e$[]
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oot

000000 $h$00 0O $R$OO O DO OO $2\pi Rh$[
O0ooooooo $(A+B+C-\pi)R™{2}$ [
000 0000$\frac{\sin A}{a} = \frac{\sin B}{b} = \frac{\sin C}{c}$

000000 [g%$\cos a=\cos b\cos c+\sin b\sin c\cos A$, $\cos A=-\cos B\cos C+\sin B\sin C\cos a$

oo

O000000O00000 $S=a+\frac{b}{2}-1$000 $a$ 0000 0OOCOOODO0OCQOs$S OO OODO
gooogooo

ooon

O $y=kx+b$ OO0 $(-k,b)$00 $(k,0)$ OO DO $y=-kx+b$00 00000000 ODO0OOOODOOODO
gbobogoboooooo

Ooodn

00000000000000 $i$00000 $k {i}=\pm\frac{1}{r {i}}$(000000000000
0000000000000 $2\sum_{i=1}~ {4}k _{i}~{2}=0sum_{i=1}"{4}k {i})~{2}$000 O
$n$ 000 $nsum_{i=1}~{n+2}k _{i}~{2}=(sum_{i=1}~{n+2}k_{iH"~{2}$0

HEN

oo ouggua
gobooobobooobooobobooobobda
dddoooooooooon

gooboooboboooobooobbooobbuooobbooobbooobbooobboobnbog
gobooobooobobooon

HEN
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0O

Oooboboooboboboob 2o 2000O0+00030000)O

HREEN

googog

Os$[on$s 0000000 $x$ 0000000000 $\pm1$J0 O $0$0 00000 $x(2n-x)$0

HpN

Jgoogood

D0000D00000D00000 $k+1$00000$(x_{0},y_{0}).\cdots,(x_{k},y {k})$ 0O O
$L(x)=\sum\limits {i=0}~{k}y {i} {i}x)$0 000 $I {i}(x)$ 000 00000DO0O0OOOOOO
$1_{i}(x)=\prod\limits_{j=0,j\neq i}~ {k\frac{x-x_{j}}{x {i}-x_{j}}$

Oo0d0onO
$x_{n+1}=x_{n}-\frac{f(x_{n}HF(x_{n})}$
Stern-Brocut tree

000000000000000000000$[\frac{0}{1},\frac{1}{0}1$0 0000000000
$[\frac{a}{b} \frac{c}{d}$ 0 00O O OODOOOO $[\frac{a}{b} \frac{a+c}{b+d}]$ O
$[\frac{a+c}{b+d} \frac{c}{d}1$ 00 0000000000000 0O0OO00OO0O0O

Tree of primitive Pythagorean triples
O0000000000000000000 $345°{Tsp0oo0o0noaono $$ A=\begin{pmatrix}
1&-282\\ 2&-1&2\\ 2&-2&3\\ \end{pmatrix} $$

$$ B=\begin{pmatrix} 1&2&2\\ 2&1&2\\ 2&2&3\\ \end{pmatrix} $$

$$ C=\begin{pmatrix} -1&2&2\\ -2&1&2\\ -2&2&3\\ \end{pmatrix} $$

O00D00000 $\alpha$0 000000000000 DOODOO $A\alpha, B\alpha, C\alpha$jd O O
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oo

Do0o00oooooo0 s\{t{iNsgoooono $S=\prod {i=1}"{n}\{x|0\le x\le

t {i},x\in\mathbb{Z}\}$00 O $\vec{x}\preceq\vec{y}$ OO OO $\forall 1\le i\le n,x_{i}\ley {i}$
OO0 $S$ 000000000000 $xA{iysooood
$\displaystyle{\sum_{i=1}"~{n}x_{i}=\Ifloor\frac{\sum_{i=1}"~{n}t {i}}{2}\rfloor}$ O O $\forall
Nleilen, O\lex {iNet {i}$000O0000O0O0

oo

O $\oplus,\otimes$ DO OO OO0 $\oplus$ DO DO OO ODOOJSotimes$ OO OO O[J%\otimess O
Soplus$ DD DOOOODODOODOOO $A {nmitimes B _ {m,p}=C {n,p}$00 O
$c_{i,j}=\bigoplus_{k=1}~{m}a {i,k}otimesb {k,j}$0 0000000000000 O0OOOO
$\oplus$ DO DO OO $\otimes$ DO OO O0$\opluss DO OO DO/O00OO0$\otimess DO OO OO
$[0,H\infty)$ OO O $oplus$ OO OO O/0000%otimess 0D DD ODODOOOOOOOOOOOO
OO000O0dpOOO0D0OODOODOOO

gec OO OOO

__builtin popcount(x)0D $x$ 0000 $1$0 000
__builtin parity(x)00 $x$ 0000 $1$0000000C0O
__builtin clz(x) OO $x$ 000000 $0s00 00

_ builtin ctz(x) 0D $x$ 000000 $0$0 000

e builtin ffs(x)OO $x$00000000O0O%NSOOO0O

0000000000 unsigned intd0 000 unsigned long longO0 OO0 OOO0O0OO0OOOOOO
O W00  builtin popcountll] builtin clz(x) O _ builtin ctz(x)O OO $x=0%$0
gggd

ODOo0dbogoogogn

000000 $AB\subset\imathbb{N}$0O $0\in A,1\in B,|A|=n,|B|=m$00 O $A+B=\{x+y|x\in A,y\in
B\}$00 $A+B=[1,nm]\cap\mathbb{N}~{+}$000 $(AB)$ 000 0000000000000
goodoooood

$$ \begin{cases} &1&(n=1\lor m=1)\\ &f(n,m)+f(m,n)&(n>1\land m>1) \end{cases} $$

00 $f(n,m)=\sum_{i=1}"{+\infty}g_{i}(n)(g_{i}(m)+g_{i+1}(m))$0$g_{i}(n)$ DO D $n$ 0O O
$is000$1$0000000000000000
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0o

0000000 $n$0 00000000000 $v_{0}\cdots,v {s}$000 $v {0}=1,v {s}=n$000 O
000 $v {1} \cdots,v {s}$0 00000000 DOOOO0OODODOOOODOOOOOOOOOODO
0000000 $n$ 0000000 $1$0000 $vin)$C 00000 DO0O00boDbDOoOn
$\Ifloor\log_{2}n\rfloor+v(n)-1$00 000 $n$ 000 0O OO OO $l(n)$0$Knuth$ O O
$l(n)\ge\lfloon\log_{2}n\rfloor+\Iceil\log_{2}v(n)\rceil$j0 000 O0 O $v(n\le8$ DO DO OO OO

ooogo

OO0 $-11s0000000000000000000 $\sum_{i=1}~{n}w_{it(x_{i})$00 $f(x)$
000000 $2n-1400000000000000000O000O $n=1\simb$ 00 $w$ O $fs 000

$n$ $x_{i}$ $w_{i}$

$1% $0% $2%

$2$ $\pm\frac{1}{\sqrt{3}}$ $1%

$3$ $0% $\frac{8}{9}$
$\pm\sgrt{\frac{3}{5}}$ $\frac{5}{9}$

$4% | $\pm\sqrt{\frac{3}{7}-\frac{2}{7}\sqrt{\frac{6}{5}}}$ | $\frac{18+\sqrt{30}}{36}$
$\pm\sqrt{\frac{3}{7}+\frac{2} {7}\sqrt{\frac{6} {5} }}$| $\frac{18-\sqrt{30}}{36}$
$5% $0% $\frac{128}{225}$%
$\pm\frac{1}{3}\sqrt{5-2\sqrt{\frac{10}{7}}}$ $\frac{322+13\sqrt{70}}{900}$%
$\pm\frac{1} {3}\sqrt{5+2\sqrt{\frac{10}{7}}}$ $\frac{322-13\sqrt{70}} {900} $

0000000 $-1,1$000000000000%\int_{a} " {b}(x)\mathbb{d}x=\frac{b-
ar{2nint_{-1}~{1}(\frac{b-a}{2}x+\frac{a+b}{2})\mathbb{d}x$
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