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O $\displaystyle f(x)=\sum_{n=0}"{\infty }\frac{a_n}{n!}x"n$J0 $\displaystyle

\{a_{n+1}\} {n=0}"{\infty}$ 000000000 $$
\sum_{n=0}"{\infty}\frac{a_{n+1}}{n!}x*n=\sum_{n=1}"{\infty}\frac{na_n}{n!}x"{n-1}=f(x).
$$

gg 2

O $\displaystyle f(x)=\sum_{n=0}"{\infty }\frac{a_n}{n!}x"n$J0 $\displaystyle
\{a_{n+k}\} {n=0}"{\infty}$ 00 OO0 OO0OO0O $\displaystyle D~kf$[]

g3

00 Fibonacci OO $\{f n\} {n=0}"{\infty}$00 O $f {n+2}=f {n+1}+f n$O0 OO OO
$f 0=0,f 1=1$00 00000000000 $f n$[

00 $f(x)$ 0 $\{f n\} {n=0}"{\infty}$s 0000000000 O20000 $$f'(x)=f(x)+f(x). $$
0000000000000 000 %% f(x)=C_le~{\frac{1+\sqrt5}{2}x}+C 2e~{\frac{1-
\sqrt5}{2}x},$$ 00 $C1C2s00000000O0OO0O0DOO $f(0)=0,f(0)=1¢000 00O
$\displaystyle C_1=\frac{1}{\sqrt5},C 2=\frac{-1}{\sqrt5}$00 O $$
f(x)=\frac{e™{\frac{1+\sqrt5} {2} x}-e~ {\frac{1-\sqrt5} {2}x}}{\sqrt5}. $$ 00O O $$

f n=\left[\frac{x"n} {n!}\right]f(x)=\frac{\left(\frac{1+\sqrt5} {2}\right) ~n-\left(\frac{1-
\sqrt5}{2}\right)~"n}{\sqrt5} $$

gd 4

O $\displaystyle f(x)=\sum_{n=0}"{\infty }\frac{a_n}{n!}x*n$00 $\{na_n\} {n=0}"{\infty}$ OO
OO0O0O0oOooOgag $xDf.$

ggs

O $\displaystyle f(x)=\sum_{n=0}"{\infty}\frac{a_n}{n!}Ix"~n$00 $\{P(n)a_n\} {n=0}"{\infty}$ O
O0000O0oOg $P(xD).$
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O $\displaystyle
f(x)=\sum_{n=0}"{\infty}\frac{a_n}{n!}x"n,g(x)=\sum_{n=0}"~{\infty \frac{b_n}{n!}x~n$Q0
$f(x),g(x)$ DO OO0 $\{a_n\}_{n=0}"{\infty}$ O $\{b_n\} {n=0}"{\infty}$ 00 COCOCOOOODO
O $f(x)g(x)$ O OO $\displaystyle \left\{\sum_{k=0} ~n\binom{n}{k}a kb {n-
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kHright\} {n=0}"{\infty}$ 000 0000O0O0O
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OO0 BellDOO $Bn$ 00 $[nj$0000O00OO0OOOO $%
B_n=\sum_{k=1}"{n}\binom{n-1}{k-1}B {n-k}=\sum_{i=0}"{n-1}\binom{n-1}{n-i-1}B_i.(i=n-k)
$$ 00 $$ B _{n+1}=\sum_{k=0}"{n}H\binom{n}{n-k}B_k=\sum_{k=0}"{n}\binom{n}{k}B k. $$
00000 $80=1B1=1$000000000000000O00O0O0OO $B n$0

000 $\{B n\} {n=0}~{\infty}$ 00000000 $B(x)$)0 0000000000000 O000O0O
000 $\{1\} {n=0}~{\infty}$ 000000000 $e~x$00 00 $$ B'(x)=e~xB(x), $$ U
$B(0)=1$00 0000000 $$B(x)=e~{e”x-1}.$$ 00 $$ \begin{align}
B(x)&=\frac{1}{e}\sum_{k=0}"{\infty}\frac{(e”x)"~k}{k!}=\frac{1}{e}\sum_{k=0}"~{\infty }\frac{
1}{k!N\sum_{n=0}"~{\infty}\frac{k~nx~n}{n!}\\

&=\frac{1}{e}\sum_{n=0}"{\infty Nleft(\sum_{k=0}"{\infty I\frac{k~n} {k!}right)\frac{x~n}{n!}.
\end{align} $$ 0 0O $$ B n=\frac{1}{e}\sum_{k=0}"{\infty \frac{k~n}{k!}. $$ $$
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000000000 00” 000Q$n$ 00000 $n$ 00000000000 000000000
000000000000000000 $fn$000000000000000 $f 1=1,f 2=2,f 3=5%]
00 $f 0=1$00 $\{f n\}_{n=0}~{\infty}$ 00O OO0

OO0 $gn$00 $n$000000D0O0O00O0DOODOO0OODOO0O0O0ODOOOO0ODOODOO0OODODOO
O00do0o0ooo0ooooooobooo0oooooooooooooooooooooobooobooo
0000000000000 00000 $9 1=f1gn=f {n-1}$00 $k$ OO O ODOOOOODOODOO
000000000000 0000Db0000 $l\lekMlen$lOCD0OO0O $$

f n=\sum_{k=1}"{n}g kf {n-k}=\sum_{k=1}"{n}f {k-1}f {n-k},~~~n\gel$$ 00 $n=0$0 00
0000000000000 0O0OUOoOOO $fix)soo
$\{f n\} {n=0}"{\infty}$ 000000000 $b 0=0%$00 O $k\ge 1$ O O $b _k=f {k-1}$00 $$

f n=\sum_{k=1}"nf {k-1}f {n-k}=\sum {k=1}"nb kf {n-k}=\sum_{k=0}"nb kf {n-k}. $$ 00O
$$ \begin{align} f(x)-1&=\sum_{n=1}"{\infty}\left(\sum_{k=0}~{n}b_kf {n-k}\right)x~n+b_0f n\\
&=\sum_{n=0}"{\infty}\left(\sum_{k=0}"nb_kf {n-
k}right)x™n=\left(\sum_{n=0}"{\infty}b_nx"n\right)f(x)\\

&=\left(\sum_{n=1}"{\infty}f {n-1}x"n\right)f(x)=xf"~2(x), \end{align} $$ 0O $%
f(x)=\frac{1\pm\sqrt{1-4x}}{2x}. $$ 000 $f(0)=1$ 000 O 0O $$ f(x)=\frac{1-\sqrt{1-4x}}{2x}.
$s 0000000 $%

f(x)=\sum_{n=1}"{\infty}2" {n-1}\frac{1\cdot3\cdot5\cdots(2n-3) } {n!}x" {n-1}=\sum_{n=0}"{\inf
tyH\frac{1}{n+1}H\binom{2n}{n}x"n. $$ O O $\displaystyle f n=\frac{1}{n+1}\binom{2n}{n}$J0
0 Catalan OO
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00 $\sigma\inS n$ 00 00000000 OO $1\leiNlen$g0 O $\sigma(i)\ne i$(0 $d n$ OO
$Sns 00000000000 $%n!=\sum_{k=0}"n\binom{n}{k}d {n-k}.$$ 0000000
$d n$ 00000000 $\displaystyle D(x)=\sum_{n=0}"~{\infty}d_n\frac{x*n}{n!}$00C O

$\{1\} {n=0}~{\infty}$ 000000000 $e~x$00 $\{n"\} {n=0}"{\infty}$ 000000000
$$ \sum_{n\ge O}\frac{n!}{n!}x*n=\sum_{n\ge O0}x~n=\frac{1}{1-x}, $$ 00000 000O0O0O
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$\displaystyle \frac{1}{1-x}=e”xD(x)$[0 $\displaystyle D(x)=\frac{e”™ {-x}}{1-x}$[

0000 $$ D(x)=\frac{e™{-x}}{1-x}=\frac{1}{1-
xHsum_{i=0}~{\infty\frac{(-1) i} {i!}x~i=\sum_{n=0}"{\infty }\left(\sum_{i=0} ~n\frac{(-1) i} {i!
Hright)x™n, $$ 00 $$ d n=n\sum_{i=0}"n\frac{(-1)~i}{i'}. $$ 00000 $Sn$ 000 0O0O0OO
0000000000 $\displaystyle \frac{d_n}{n!}$00 000 $e”{-1}(n\rightarrow\infty)$[]

gg 10

O $\displaystyle f(x)=\sum_{n=0}"{\infty}\frac{a_n}{n!}x”n\displaystyle
g(x)=\sum_{n=0}"{\infty }\frac{b_n}{n!}x"~n\displaystyle
h(x)=\sum_{n=0}"~{\infty}\frac{c_n}{n!}x"n$J0 $f(x),g(x),h(x) $ 00000
$\{a_m}_{n=0}"{\infty} \{b_m}_{n=0}"{\infty} \{c_n\}_{n=0}~{\infty}$ OO D OOO0ODOOOO
$f(x)g(x)h(x)$ O O O $$ \left\{\sum_{i+j+k=n\\~~i,j,k\ge

OX\binom{n}{i,jk}a_ib_jc_k\right\} {n=0}"{\infty} $$ 000000000

g1

O $\displaystyle f(x)=\sum_{n=0}"{\infty}\frac{a_n}{n!}x"n$00 $f(x)$ OO O

$\{a_n\} {n=0}~{\infty}$ 00000000000 $fk(x)$000 $$
\left\{\sum_{n_1+n_2+\cdots+n_k=n\\~~n_i\ge0,i=1,\cdots,k}\binom{n}{n_1,n_2\cdots,n k}a {n_1
}a_{n 2}\cdots a_{n_k}right\} {n=0}"{\infty} $$ 000000000

ug 12

O $hn$ 00000 $S=\{n_1\cdot t 1,n 2\cdot t 2,\cdots,n_k\cdott k\}$ 000000000 $P$
On000000 $n_i\ge0(NleiNlek)$O OO $tis 0000000 $P$0O n-0000O $a n™{(i)}s0
00 $\{a n™{(HN} {n=0}~{\infty}$ 000000000 $fi(x)(1\le iNe k)$go O O

$\{h_n\} {n=0}"{\infty}$ 000000000 $$ h(x)=\prod {i=1}"kf i(x). $$ 00 O
$\displaystyle f i(x)=\sum_{j=0}"{\inftyN\frac{a j~{(i)}}{j!}x"j(1\le i\le k)$00 $$ \begin{align}

h_n&=\sum_{m_1+m_2+\cdots+m k=n\\~~~~~~~ O\le m_i\le
n_it\binom{n}{m_1,m 2\cdots,m k}\prod {i=1}"ka {m_ i}~ {(i)}\\
&=\sum_{m_1+m 2+\cdots+m_k=n\\~~~~~~~ O\le m_i\le

n_itn\frac{\prod_{i=1}"ka_{m_i}~{(i)}}{\prod_{i=1}"~km_it}=\left[\frac{x~n}{n!}\right]\prod_{i=
1}7~kf_i(x), \end{align} $$ O O $$ h(x)=\prod_{i=1}"kf i(x) $$ $$

0

00000 $ni=\infty$0 0000 $P$000 $tisO00000ODO0OOO $$fi(x)=e~x; $$0
$n_i<\infty$00 00 $P$ 000 $tis 000000000 $$fi(x)=\sum_{j=0}~{n_i}\frac{x"j}{j'}.
$$ 0000 $tis00000000O0O0O $tis0D0000 %S00 0000O0O $tis000OD0Od n-O
0000 $$aj~{(i)}=\begin{cases} 1,&=3,5,7,9,\cdots,\\ 0,&0 O, \end{cases} $$ O O $$
fi(x)=\sum_{j=1}"{\infty}\frac{x~{2j+1}}{(2j+1)!}=\frac{e”x-e™ {-x}-2x}{2}. $$ $\Box$
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00000000000 $1$0 $n$00000000ODO000ODOO0OO0ODODODODOODODOOOOODOO
gbobooooboo

OO0 shns0D0O0O00DO0000O00D0O00 $\{h_n\}_{n=0}"{\infty}$ 000000000 $h(x)$0
00 $$ \begin{align}

h(x)&=\left(1+\frac{x~2}{2!}+\frac{x"4}{4!} +\cdots\right)\left(1+\frac{x} {1!} +\frac{x"2}{2!} +\
cdots\right)~2\\ &=\frac{1}{2}(e"x+e™{-x})(e™x)"2=\frac{1} {2} (e”™ {3x}+e™x)\\
&=\frac{1}{2}\left(\sum_{n=0}~{\infty I\frac{(3x) " n}{n!}+\sum_{n=0}"~{\infty\frac{x™n}{n!}\ri
ght)\\ &=\frac{1}{2\sum_{n=0}"{\infty}(3~n+1)\frac{x"n}{n!}, \end{align} $$ O O $$
h_n=\frac{3"n+1}{2}. $$ $\Box$

U 14

00000000000 $1$0 $3s000000 $ns 0000 $h_n$[

O 0 $\{h. n\} {n=0}"{\infty}$ 000000000 $h(x)$00 $$ \begin{align}
h(x)&=\left(1+\frac{x~2}{2!} +\frac{x"~4}{4!} +\cdots\right) ~2\left(1+\frac{x} { 1!} +\frac{x "2} {2!
}+\cdots\right)~ 3\ &=\left(\frac{e"x+e"{-

x} {2} right)~2e”{3x}=\frac{1}{4}(e”™ {5x}+2e™ {3x}+e"x)\
&=\sum_{n=0}"{\infty}\frac{5"n+2\cdot 3~n+1}{4}\cdot\frac{x"n}{n!'}. \end{align} $$ O O $$
h_n=\frac{5"n+2\cdot 3"n+1}{4}. $3%
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