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$$9” {\frac{p-1}{q}}$$
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$$\log_a b=A\left\Iceil\sqrt{p-1}\right\rceil-B$$
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$$a” {Alleft\Iceil\sqrt{p-1}\right\rceil}\equiv ba”B \mod p$$
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$$t™2\equiv n\mod p$$
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$${x_1}"p\mod p$$
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$${(a+b)}"p\equiva”p+b~p\mod p$$
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$${x_1}~p={(a+\sqrt{a”~2-n})}~p\equiv a”~p+{(\sqrt{a”™2-n})} ~p\equiv a+{(a"2-
n)}~{\frac{p}{2} }\mod p$$
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$${(@a”2-n)}~{\frac{p-1} {2} }\equiv 1\ or\ -1\mod p$$
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$${(a~2-n)}~{\frac{p}{2} }\equiv \sqrt{a~2-n}\ or\ -\sqrt{a”~2-n}\mod p$$
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$${(\sgrt{a”2-n})} "p\equiv -\sqrt{a”2-n}\mod p$$
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$${x_1}"p\equiv a-\sqrt{a”~2-n}=x_2\mod p$$
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$${x_1}~{p+1}\equiv x_1x_2=n\mod p$$
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$$t 1\equiv{x_1}~{\frac{p+1}{2}}\mod p3$$
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$$x”3\equiv n\mod p$$
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$$x™ {3k+1}\equiv 1\mod p$$

OO0OnOkODOOOOO

$$n~k\equiv x™ {3k}\equiv x™ {-1}\mod p$$
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$$n"~{3k"™2}=n"{k(p-2) }\equiv x\mod p$$
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$$x”3\equiv n\mod p$$
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$$n" {k}\equiv 1\mod p$$
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$$y=ax"2+bx+c$$
O000yDOOODODODOOOOabcOODOOODODOODOOODOO

$$x”3\equiv n\mod p$$
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$$y~{p-1}\equiv 1\mod p$$
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$$y~ {k}\equiv w\mod p$$
OowDDOODOOOQwooOoOoOOoO100000000010

O0000000ypUOOODOODO0OO0O0OOOabcdOwdOOOwHabcoOOOJalcOoOdod OO

$$Sw=Dbxs$$
O000OwOOOOO10000000bOOOOxOOOOOO

oobooobobooobbodybbooobboooobwhalcoonbooobooooboon
goboooboboodgbowg

gobogobbooboobooobbooobbuooobooobbooobobooobooooboobg
O00000O0O000O0OOo0oOoooOoOOoDCGpollaOd0oDoOoOoOgOOCipollabddnn

Joodoogognd

OO0OO0O0OCCipollaDO0OOCOOOERUerd00DOOOO0OOOOOOOp-1000000O00O-10
0-10000000000000000000000p0000OXx10x20000000000C Cipolladd
googd

goobooobobodoobooobbooob bbb bbooUbbooobboonb o
oooog-1d

uoboodbooooobbooooooobobooobbooobbuoobobbooobobag
uobobodoobbooobooobbooobbooobobooon
gobooobobodoobooobbooobobuoobobooobbooobbooon

0000000000000 000D00000D0OLegendre0 000000000 DOOOOODODODO
0000000000000 OJecobiDOODOODDOOODO0OOODOOODOOOOO

$${\left(\frac{\xi}{\piH\right)} 3=0\ or\ 1\ on\ \frac{-1+\sqrt{3} }{2} or\ \frac{-1-\sqrt{3}}{2}$$
$${\left(\frac{\xi}{\pi}\right)} 4=0\ or\ 1\ or\ -1\ or\ i\ or\ -i$$
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$${\left(\frac{\xi} {\pit\right)}_3\equiv a” {\frac{N(\pi)-1} {3} }\mod\pi$$

$${\left(\frac{\xi} {\pi}\right)}_4\equiv a” {\frac{N(\pi)-1} {4} '\mod\pi$$
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$$n=n_1n 23%$%
$$m=m_1m 2$$

$$\left(\frac{n}{mH\right)=\left(\frac{n_1}{m_1}\right\left(\frac{n_2}{m_1}\right)\left(\frac{n_1}{m
2R right)\left(\frac{n_2}{m_2}\right)$$
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$$p_0=\left(\frac{-1}{p}\right)p=\begin{cases}p\quad &p\equiv 1\mod 4\ \\-p\quad &p\equiv 3\mod
d\end{cases}$$
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$$\left(\frac{n}{1}\right)=\left(\frac{1} {m}\right)=1$$
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$$\left(\frac{n}{0}\right)=\left(\frac{0} {m}\right)=0%$$
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$$\left(\frac{n}{-1}\right)=\begin{cases}1\quad &n\gegslant 0\\-1\quad &n<0\end{cases}$$
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$$\left(\frac{-1} {m}\right)=1$$
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$$\left(\frac{-1} {m}\right)=-1$$
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$$\left(\frac{n} {2}\right)=\left(\frac{2} {n}\right)=\begin{cases}0\quad &n\equiv 0\mod 2\\1\quad
&n\equiv 1,7\mod 8\\-1\quad &n\equiv 3,5\mod 8\end{cases}$$
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$$\left(\frac{n} {m}\right)=\left(\frac{n+km}{m}\right)$$
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$$\left(\frac{n}{pHright)={(-1)} "ms$$
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$$k/2=\begin{cases}\frac{k}{2}\quad &2|k\\\frac{k+p}{2}\quad &others\end{cases}$$
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$$h(x)=\prod_{k=1}"{\frac{p-1}{2} }(x~{p-k/2}-x"{k/2})$$
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$$h(\zeta_p)=\prod_{k=1}"{\frac{p-1}{2} }({\zeta_p}~{p-k/2}-{\zeta_p} "~ {k/2})$$
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$$k/2<\frac{p}{2}$$

0020 0000000000000O0DOO000ODO200000000000000000DOO000
O000000GaussO OO

O0000xQ000000000000000C000D0p-10000000000O0DODOOOODOOO

O0000ohODODOOOO0O0

$$h(\zeta_p)=\left(\frac{2} {p}\right)i~ {\frac{p-1}{2} }(2~ {\frac{p-1}{2} }\prod_{k=1}"{\frac{p-1}
{2} Nsin \frac{k}{p} 2\pi)$$
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$$\left(\frac{2} {p}\right)i~ {\frac{p-1} {2} } =\begin{cases}1\quad &p\equiv 1\mod 4\\i\quad
&p\equiv 3\mod 4\end{cases}$$
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$$\sum_{k=0}"{p-1}x~k=\prod_{k=1}"{p-1}(x-{\zeta_p}~k)$$
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$$2~ {\frac{p-1} {2} }\prod {k=1}"~{\frac{p-1}{2}}\sin\frac{k}{p}2\pi=\sqrt{p}$$
ogg

$$h(\zeta_p)=\begin{cases}\sqrt{p}\quad &p\equiv 1\mod 4\\i\sqrt{p}\quad &p\equiv 3\mod
d\end{cases}$$
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$$h(1+u)=\prod_{k=1}"~{\frac{p-1}{2}}({(1+u)}~{p-k/2}-{(1+u)}~{k/2})$$
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$$u”2 |({(1+u)} ™ {p-k/2}-{(1+u)} ~{k/2}+2(k/2)u)$$
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$$u”{\frac{p+1}{2}} |h(1+u)-u™{\frac{p-1}{2} }\prod_{k=1}"{\frac{p-1}{2} }(-k)$$
000000000000000

$$u”{\frac{p+1}{2}} |h(1+u)+u~{\frac{p-1}{2}} \frac{1}{\frac{p-1}{2}'}$$

Gauss[]
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$$\cos\frac{1}{5}2\pi+\cos\frac{4}{5}2\pi=\frac{-1+\sqrt{5}}{2}$$
$$\cos\frac{2} {5} 2\pi+\cos\frac{3}{5}2\pi=\frac{-1-\sqrt{5} } {2} $$

$$\cos\frac{1}{13}2\pi+\cos\frac{3}{13}2\pi+\cos\frac{4}{13}2\pi+\cos\frac{9} {13} 2\pi+\cos\frac
{10}{13}2\pi+\cos\frac{12} {13} 2\pi=\frac{-1+\sqrt{13}} {2} $$

$$\cos\frac{2} {13} 2\pi+\cos\frac{5} {13} 2\pi+\cos\frac{6} {13} 2\pi+\cos\frac{7} {13} 2\pi+\cos\frac
{8}{13}2\pi+\cos\frac{11}{13}2\pi=\frac{-1-\sqrt{13}} {2} $$

$$\cos\frac{1}{17}2\pi+\cos\frac{2}{17}2\pi+\cos\frac{4}{17}2\pi+\cos\frac{8} {17} 2\pi+\cos\frac
{9}{17}2\pi+\cos\frac{11}{17}2\pi+\cos\frac{15} {17} 2\pi+\cos\frac{16} {17} 2\pi=\frac{-1+\sqrt{
17} 3{2}%%

$$\cos\frac{3}{17}2\pi+\cos\frac{5}{17}2\pi+\cos\frac{6}{17}2\pi+\cos\frac{7}{17}2\pi+\cos\frac
{10} {17}2\pi+\cos\frac{12} {17} 2\pi+\cos\frac{13} {17} 2\pi+\cos\frac{14} {17} 2\pi=\frac{-1-
\sqrt{17}}{2}$%
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$$\cos\frac{1}{5}2\pi-\cos\frac{2} {5} 2\pi-\cos\frac{3} {5} 2\pi+\cos\frac{4} {5} 2\pi=\sqrt{5}$$
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$$\sum_{k=1}"4\left(\frac{k}{5}\right){\zeta 5} ~k=\sqrt{5}$$
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$$9(x)=\sum_{k=0}"~{p-1}\left(\frac{k} {p}\right)x~k$$
O0pO00000O0OOoUO0oO0Oooooooooon

$$\zeta_p=e”{\frac{2\pi i} {p}}$$
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$$g(\zeta_p)=\sum_{k=0}"{p-1}\left(\frac{k}{p}\right){\zeta p}"~k$$

gobogoboooooooo
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$$\begin{aligned}{g(\zeta p)}~2&=\sum_{n=03}"{p-1}\sum_{m=0}"{p-1}\left(\frac{mn} {p}\right
{\zeta p}~{m+n}\&=\sum_{s=0}"{p-1}\sum_{m=0}"{p-1}\left(\frac{m(s-
m)}{pH\right){\zeta_p}~s\&=\sum_{s=0}"{p-1}{\zeta p}~s\sum_{m=1}"{p-1}\left(\frac{\frac{s}
{m}-1}{pHright)\&=\left(\frac{-1} {p}\right)(p-1)+\sum_{s=1}"{p-1}{\zeta _p}~s\sum_{n=0}"{p-
2N\left(\frac{n}{p}\right)\\&=\left(\frac{-1}{p}\right)p\end{aligned}$$
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$$g9(x+1)=\sum_{k=0}"{p-1}\left(\frac{k}{p}\right){(x+1)} ~k=\sum_{k=0}"~{p-1}\left(\frac{k}{p
Hright)\sum_{r=0}"{p-1}C k~rx"~r=\sum_{r=0}"{p-1}\sum {k=0}"{p-1}C k~nleft(\frac{k}{p}\r
ight)x~r$$
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$$\sum_{k=0}"{p-1}k~r=-1\quad r\equiv 0\mod p-1\ or\ O\quad others$$
doooooobodpobood

$$\sum_{k=0}"{p-1}k"~n\left(\frac{k} {p}\right)=-1\quad requiv\frac{p-1}{2}\mod p-1\ or\ O\quad
others$$
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$$x~{\frac{p+1}{2}} [g(x+1)+x~{\frac{p-1}{2}} \frac{1}{\frac{p-1}{2}'}$$
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$$9(x)=h(x)$$

00000000000 00000000000000000000000000
$${g(\zeta_p)}"2={h(\zeta_p)}"2$$
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$$\sum_{k=0}"{p-1}x"k |(g(x)+h(x))(g(x)-h(x))$$
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$$\sum_{k=0}"{p-1}x"k [(g(x)-h(x))$$

$$\sum_{k=0}"{p-1}x"k |(g(x)+h(x))$$
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oo uougpuboooono
$$\sum_{k=0}"{p-1}x"~k\equiv{(x-1)}~{p-1}\mod p$$
Oulx-1lQ000booooobpoOn

$$u”{p-1} [(g(1+u)-h(1+u))$$

$$u”™{p-1} [(g(1+u)+h(1+u))$$
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$$u”{\frac{p+1}{2}} [h(1+u)+u~{\frac{p-1}{2}} \frac{1}{\frac{p-1}{2}!}$$
$su~{\frac{p+1}{2}} |g(1+u)+u~{\frac{p-1}{2}} \frac{1}{\frac{p-1}{2}'}$$
0000000000000 0000000000000000000
$$u”{p-1} |(9(1+u)-h(1+u))$$

$$\sum_{k=0}"{p-1}x"k [(g(x)-h(x))$$
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$$\left(\frac{p_0} {gq}\right)g(\zeta_p)\equiv{p 0}~ {\frac{q-1}{2}}9(C p)={g(\zeta_p )} ~qg\equiv
g({\zeta_p}~q)=g(\zeta_p)\mod q$$

gbobogoboboodb22bogobbooobobupoob

$$\left(\frac{2} {p}\right)\sqrt{2}=2" {\frac{p} {2} } ={((\frac{\sqrt{2} } {2} +\frac{\sqrt{2} } {2}i)+(\
frac{\sqrt{2}}{2}-

\frac{\sqrt{2}}{2}i))} ~p\equiv{(\frac{\sqrt{2} } {2} +\frac{\sqrt{2} } {2}i)} ~p+{(\frac{\sqrt{2} } {2}
+\frac{\sqrt{2}}{2}i)} ~p=\begin{cases}\sqrt{2}\quad &p\equiv 1,7\mod 8\\-\sqrt{2}\quad &p\equiv
3,5\mod 8\end{cases}$$
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$${\left(\frac{\xi_1}{\xi_2H\right)} k={\left(\frac{\xi_2}{\xi_1}\right)} k$$
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OOHilbertOOOOODODDODOODaObQDOOODODOODODOOODOaObOO,0000a0bOOOOO0O
OOHilbetO OO OODOO10-10

goooooood

$$ax”2+by"2=1%9%

0000000000000 000D00eObOOOOOODOCOOOHIbertOODOODOOOODOOOO
goobogoooodooo

$$\left(\frac{a,b} {\infty }\right)$$
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googgg-id

D0000000000000000000000000000p000000D0000O0
$$\left(\frac{a,b}{p}right)$$
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$$ax”2+by"2=1%9%

O0O00000pO0000D0C0O00DC0aObODOOO0DDODOO0ODOOOa0bOOOpODOO
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$$a=p~ius$
$$b=p~jv$$
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$$r=\frac{{(-a)} "j}H{{(-b)} ~i}=\frac{{(-u)} " H{{(-V)}"i}={(-1)} ~{ij\frac{u~j} {v"i} $$

OO0OOCHibetODOODDOODODOODODOOODOOO

Upbddogogg

$$\left(\frac{a,b} {p}\right)=\left(\frac{r} {p}\right)$$
O0D0000000OKroneckerd 000000000 pOOr00O0D0OOD0OO0OP0
Opd20000

$$\left(\frac{a,b} {2}\right)={(-1)} ~{\frac{r"~2-1} {8} +\frac{u-1} {2 }\frac{v-1} {2} }$$
00-1000020000020000000000°20
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$$\left(\frac{a,b} {v}\right)=\left(\frac{b,a} {v}\right)$$

oooaq
$$\left(\frac{a,bc}{v}\right)=\left(\frac{a,b}{v}\right)\left(\frac{a,c}{v}\right)$$
oooooooog
U0a0plOOO000oooooooooooonobooobbbbp0000pgiooog2d
$$\left(\frac{a,p} {p}\right)=\left(\frac{a}{p}\right)$$
O0000000000000000dKroneckerd 00O
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O00D00OpUDa0b00pO0d00O0OO0ODOODOO0OOODOODOOOODOOO
$$\left(\frac{a,b} {p}\right)=1$$
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$$\left(\frac{a,b}{2}\right)$$
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$$\left(\frac{a,a} {v}\right)=\left(\frac{a,-1} {v}\right)$$
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$$\left(\frac{p,p} {p}\right)=\left(\frac{p,-1} {pHright)=\left(\frac{-1} {p}\right)$$
000000000000 0000HilbertOO OO
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$$\left(\frac{a,1-a}{v}\right)=1$%
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$$\prod_v \left(\frac{a,b} {v}\right)=1$$
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$$\left(\frac{a,b}{v}\right)=\begin{casesH\left(\frac{b} {a}\right)\quad
&v=a\\left(\frac{a}{b}\right)\quad &v=Db\{(-1)} "~ {\frac{a-1}{2}\frac{b-1}{2}}\quad &v=2\\1\quad
&others\end{cases}$$
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$$\left(\frac{a,-1}{vHright)=\begin{cases}\left(\frac{-1} {a}\right)\quad
&v=a\{(-1)}~{\frac{a-1}{2} }\quad &v=2\\1\quad &others\end{cases}$$

$$\left(\frac{a,2}{v}\right)=\begin{casesleft(\frac{2} {a}\right)\quad
&v=a\{(-1)}~{\frac{a”~2-1}{8} }\quad &v=2\\1\quad &others\end{cases}$$
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Dabl-10b00-10200 000000000

$$\left(\frac{-1,-1}{v}\right)=\begin{cases}-1\quad &v=2\ or\ \infty\\1\quad &others\end{cases}$$
$$\left(\frac{-1,2} {v}\right)=1$$
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