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OoDooOoOoOOooooooOooooOoOoOoOoOoDoOOO $f$00 $\foralla, b$ OO $(a, b) =100 0 O
$$ f(ab) = f(a) \cdot f(b) $$

00 $fs00000000000000000O $(a,b)=1$000000000 %$00000000O
00 $fs0000000000000000O0O $$000 $p$00000O0O $f(pra)$f00nOODO

00 $fs0
00

0 ¢f,g$00000000DO0OO0O0OODODOOOO

$$ h(n) = f(n~p) \\ h(n) = f~p(n) \\ h(n) = f(n)g(n) \\ h(n) =\sum _{d \mid n} f(n) g \left(\dfrac nd
\right) \\ $$

goooon

ooooonon
$$ [P] = \begin{cases} 1, &P \text{ is true} \\ 0, &P \text{ is false} \\ \end{cases} $$

000 0O Q$\varepsilon(n) = [n = 11$
O000pgs\mathrm{id}(n)=n$j0 00000000 $n$ 000
O0000$l(n) =140 00000000 $1$00 0O

0 00O 0OQ$\varphi(n) =\sum_{1\leqi\leg n} [\gcd(i, n) = 1]$
0000[Q%$d(n) =\sum_{d \mid n} 1%

0000 0Qg$\sigma(n) =\sum_{d \mid n} d$

ooogo

00000 ¢$f,e$J0 0000000000

$$ (f * g)(n) =\sum _{d \mid n} f(n) \cdot g \left(\dfrac nd \right) $$
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gobogooobod
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O000000000%$n = \varphiltimes 1$0 000000

gobooobobooooooobbooobbuooobooobbooobbooobbooobobag
O $n$000 $n=12¢ 000000

$$\dfrac 1{12}\dfrac 2{12}\dfrac 3{12}\dfrac 4{12}\dfrac 5{12}\dfrac 6{12}\dfrac 7{12}\dfrac
8{12}\dfrac 9{12}\dfrac {10}{12}\dfrac {11}{12}\dfrac {12}{12}$$%

googod

e $\dfrac 1{12} \dfrac 5{12} \dfrac 7{12} \dfrac{11}{12}$$\varphi(12)=4%$]
e $\dfrac 1{6},\dfrac 5{63}$[0$\varphi(6)=2%

 $\dfrac 1{4} \dfrac 3{4}$[0$\varphi(4)=2$[

e $\dfrac 1{3} \dfrac{2}{3}$0$\varphi(3)=2%[]

e $\dfrac 12$0%$\varphi(2)=1%$[]

e $\dfrac 11$0%$\varphi(1)=1%$[]

guboboodoggud

goooon

gobogobobooobooobboooooboobobooobbooobobooon
O0O00o0ooo $\mu(n)sg

$$ \mu(n)= \begin{cases} 1, &n = 1\\ (-1)"m, &n = \prod {i=1}"m p_i~{k_i},\\prod {i=1}"m
k_i=1,\ p_i\text{ is a prime} \\ 0, &\text{otherwise}\\ \end{cases} $$

$\mu(n)$ 000000

eS\mus 0 OOODO
e $\sum_{d \mid n} \mu(d) = [n = 1]$

0000000 $\mu(n)$ 0000000000000000000000 $n=1$400000000
00000 $\gedi,j)=1$0000000000000

gogodoogag

void InitMu

mu =l
int i = 2; i < N; i++
'notPrili pri[siz++] =i, muli] = -1;
int j =0; j <siz & 1 * pri[j] < N; j++

int nxt =1 * priljl;
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notPri[nxt
i% pri
mu | nxt

I -l

-mulil;

mu/|nxt ;

’

O000000000ooOo00oooo0oooo0ooooogoooogoog$\mu()=0%0
0000000000000 0000000 $\mu()=-\mu()$0c000

goooon

000 $f(n)$ 0 $g(ns 000 O00ODODO

$$ f(n) =\sum _{d \mid n} g(d) \Leftrightarrow g(n) =\sum _{d \mid n} \mu \left( \dfrac nd \right) f(d)
$$

googd
$$ g = f* 1 \Leftrightarrow f = g *\mu $$
ugbobuoaobooad

OO00D00000$1$s000 $\musgd $\varepsilon = 1 \times\musO OO OO0 OO $(\mu \times
D(N)$ 0000000 $n$ 00000000 $180

00 $n$0000000 $n$0 $m\geql$ 000000000 $\binomml$ O O0OOOO0O
O"0$\binomm2$ 0 000000000000 O0O0OOO

$$ (-1)\cdot \binom m1 + (-1)~2 \cdot \binom m2 + \cdots + (-1)"m \binom mm =[1 + (-1)]"m -1
$$

O0$s000000 %00 00000 $n=1$000 $(\mu\times 1)(n)$ OO $1$0 O $\varepsilon =
1 \times \mu$[J

0000000000000 00000D0000 $fn)$0 $gmM$0000DO0OO

$$ f(n) =\sum _{n\mid d} g(n) \Leftrightarrow g(n) = \sum _{n\mid d} \mu \left( \dfrac dn \right) f(d)
$$

gobogooood

e $\varepsilon = \mu * 1$
e $n = \varphi * 1 \Leftrightarrow \varphi = n * \mu$

guoooobbooooooon
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O$n$ 000000 $n=\prod {i=1}"mp i~{ki}sfgd sn$s 0000000 0O00O0OO $(k 1,k2,
\ldots, k m)$[00 $n$ 00D OO $ds 00000 $(k 1,k 2,\[dots, k ms DO OO0 OOOOOO
O00000 $f=g\times1$0 $f$ 000 $g$ 000000 O0ODOODOOOO $\musDOOOO0O
O000000000000o0o00 $\mus0Oo0ooooooooooon

000000000000 $g(n)=(f*mu)(n)$0000000000 $n$000 $d$00O0OO0ODO
000 $p isj00D0O000ODODO $pis000D00DODODOOOODOOOODOO

N

goeCboonogon

00 $n, m, k$00 $\sum_{i=1}~n\sum_{j=1}"m [\gcd(i,j) = kI$[]

gobogoobooaod

googad

$$ \begin{aligned} \sum {i=1}"n\sum {j=1}"m [(i,j)=k] =& \sum_{i=1}"n\sum {j=1}"m
\left[\left(\dfrac ik,\dfrac jk\right)=1\right] \\ =& \sum_{i=1} ~ {\Ifloor n/k \rfloor} \sum_{j=1} *
{\Ifloor m/k \rfloor} \sum_{g\mid(i,j)} \mu(g) \\ =& \sum_{i=1} ~ {\Ifloor n/k \rfloor} \sum_{j=1} *
{\Ifloor m/k \rfloor} \sum_{g \mid i \land g \mid j} \mu(g) \\ =&
\sum_{g=1}"n\sum_{i=1}"{\left\Ifloor n/kg\right\rfloor} \sum_{j=1}"{\left\Ifloor m/kg\right\rfloor}
\mu(g) \ =& \sum_{g=1}"n\mu(g) \sum_{i=1}"{\left\Ifloor n/kg \right\rfloor}
\sum_{j=1}"{\left\Ifloor m/kg\right\rfloor} 1 \\ \end{aligned} $$

0O $\left\Ifloor \dfrac ng\right\rfloor$ 0O 0O 0 0O 0O $\sqrt{n}$ O O O O$\left\Ifloor \dfrac ng\right\rfloor$
0O $\left\Ifloor \dfrac mg\right\rfloor$ O O 0O 0O O $\sgrt{n}+\sqrt{m}$ 000000 OO0 $[1,n]$ O
O $\sqrt{n}+\sqrt{m}$ 0 OO0 OO0 $\left\Ifloor \dfrac ng\right\rfloor$ O $\left\Ifloor \dfrac
mao\right\rfloors OO OO O0O0D0O0O000O $\mu$s D0 DOOD0ODO0ODO $O0(L)$s 000000000
00 $0(\sgrt{n}+\sqrt{m})$[

goooooooo

0 $f(k)=\sum_{i=1}"n\sum_{j=1}"m [(i,j)=k]1$0%9(k)=\sum_{i=1}"n\sum_{j=1}"m [k \mid (i,j)]$]
O$fk$ 00000000 onoon $k\mid (i,j) \Leftrightarrow k \mid i\text{ O } k\mid j$gJO

0 $g(k)=\left\Ifloor \dfrac nk \right\rfloor \left\Ifloor \dfrac mk \right\rfloor$[]

00 $g(k)=\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}f(d * k)$00 O O O

$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}g(d * k)\mu(d) \\
=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor}\left\Ifloor \dfrac n{dk} \right\rfloor \left\Ifloor \dfrac
m{dk} \right\rfloor\mu(d) \end{aligned} $$

O $n'=\left\Ifloor \dfrac nk \right\rfloor,m'=\left\Ifloor \dfrac mk \right\rfloor$[]C
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$$ \begin{aligned} f(k)=&\sum_{d=1}"{\left\Ifloor n/k \right\rfloor }\left\Ifloor \dfrac {n'}d
\right\rfloor \left\Ifloor \dfrac {m'}d \right\rfloor\mu(d) \end{aligned} $$

O00Do000o0O0 $n'm$0oooooooooon $0(\sqrt{n}+\sqrt{m})$ O O

0000000000000 0D0000000DO0000oDoOoOO$isfuooDooDooon $$Y
HEN

$$ \begin{aligned} \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \left\Ifloor \dfrac {n'}j \right\rfloor \\
\Rightarrow \left\Ifloor \dfrac {n'}i \right\rfloor & \leq \dfrac {n'}j \\ \Rightarrow j & \leq \dfrac
{n'}{\left\Ifloor {n'}/i \right\rfloor} \\ \Rightarrow j & \leq \left\Ifloor \dfrac {n'} {\left\Ifloor {n'}/i
\right\rfloor}\right\rfloor\\ \end{aligned} $$

0000 $m$00 O $j=\min\left( \left\Ifloor \dfrac {n'}{\left\Ifloor {n'}/i \right\rfloor}

\right\rfloor,\left\Ifloor \dfrac {m'} {\left\Ifloor {m'}/i \right\rfloor} \right\rfloor\right)$00 O O 0 0O O O
gooooooooooood

goooon

oo0oooon
$$ d(ij) = \sum _{x\mid i} \sum _{y\mid j} [(x, y) = 1] $$
o0o0o0oooooon

O0D0000 $x$0000000 $y$00000000000 $p$00 $p~a\mid i\ p~b \mid j$00
$p~{a+b} \mid ij$J0 0 O $(x, y) = 1$00 O O $\min(a, b) = 0$00

e $p™0\Midx$0 00 $y$ OO ODODO $p~1,\ldots, pb$s DD D ODDOODODOOOO $p~{a+1},
p~{a+2}, \Idots, p~{a+b}$[]

e $p”~1\mid x, p~2 \mid x, \Idots, p~a\mid x$(00 0 0 $x$ OO0 OO0 $p~1, \Idots, p~as O OO0
Dooooog $p~{1}, p~ {2}, \Idots, p~{a}$0

e $pM0\MiIdx$ 0 $g”0\midy$s DO DO DOODOO $p™0%]

00000 $p70, p~1,\ldots, p~{a+b}$ 0000000000 DOOOO0ODOOOOOODOOOOODO
goobogobboobobooobboobbooobbooobbooobbooobnbood

0

0000000000000 $G)=1s00000000000000000000O0O0000O0DO0O0O

POI2007 Zap

oo eCbOOOOOO

HAOI2011 Problem b

POI2007 Zap OO OO OOODOODOOOOOODOO
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00000 GCODOOUOODOOOOOD $G,j)s0ooooooooooo s\wmus0oooon

SDOI2008 U 00 [

D000000 $(i,j)=1$00 $0$0 00000000 $(\sum_{i=1}"~{n-1} \sum_{j=1}"{n-1}
[(i,j)=11)+2%$0%$2%$ O O $(0,1)$0$(1,0030 0 0 0 OO $(\sum_{g=1}"n\mu(g) \Ifloor n / g\rfloor
A2)42$00 0000

SDOI2015 00 000

godooooooodgo
O $n'=\dfrac ng$J$m'=\dfrac mg$0

$$ \begin{aligned} \sum_{i=1}"n\sum_{j=1}"m d(ij) =&\sum_{i=1}"n\sum_{j=1}"m [(i,j)=1]\\
=&\sum_{i=1}"n\sum_{j=1}"m {\left\Ifloor \dfrac ni\right\rfloor} {\left\Ifloor \dfrac mj\right\rfloor}
\sum_{g \mid (i,j)}\mu(g) \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{\left\Ifloor n/g\right\rfloor}
\sum_{j=1}"{\left\Ifloor m/g\right\rfloor} \left\Ifloor \dfrac n{ig} \right\rfloor \left\Ifloor \dfrac m{jg}
\right\rfloor \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{n'} \sum_{j=1}"~{m'} \left\Ifloor \dfrac {n'}i
\right\rfloor \left\Ifloor \dfrac{m'}j \right\rfloor \\ =&\sum_{g=1}"n\mu(g)\sum_{i=1}"{n'} \left\Ifloor
\dfrac {n'}i \right\rfloor \sum_{j=13}"{m'} \left\Ifloor\dfrac{m'}j \right\rfloor \\ \end{aligned} $$

00000000 $f(n)=\sum_{i=1}"n \left\Ifloor \dfrac ni \right\rfloor$ 0 000000000 OOO
000000000 $fnsf0000nDooooooooooogn $\sum {i=1}"{n'}
\sum_{j=1}"{m'} \left\Ifloor\dfrac {n'}i\right\rfloor\left\Ifloor\dfrac{m'}j\right\rfloor$ C O OO OO O
O00000o0oDoooonoog $ol)sooo

OO0D00O0000 $O0(nmsart{n})$0 00 OO0 OO0 $0(\sgrt{n})$0

HNMTC2015#5 Lucasl [0 [

O0O0OSsSborel150000000000OOOODOOD $\ZmusOOOO SO0 OODOOOODOO
0000000000000 00000 $\mu(n)$00000 $O0(n~{2/3)$00000000

LOJ6627 DO OIDDO

gbobogoboobooooboo

0000 $k=\dfrac {p}{aqi\ge 1$ 00 $p,q$00 00 00 0O $x$0$x+kx>k~2x$ DO OO OO
$k<\phi=\dfrac{1+\sqrt 5}{2}$ 10 $q\le p<\phiq$ 00O $x$ 000 $972¢ 000 OO0 $q\le\sqrt
n$ O $x=iq~2$ 00000

$$ \begin{aligned} &\sum_{gq=1}"{\sqrt n}\sum_{p=q}"~{\phi
q}(p,q)=1N\sum_{i=1}"~{+\infty}ip~2\le n)\\ =&\sum_{q=1}"~{\sqrt n}\sum_{p=q}"~{\phi
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g} (p,g)=1N\left\Ifloor\dfrac{n}{p~2}\right\rfloor \end{aligned} $$
OO0000 $p$ 000000 $psO 00000 $xk~2=ip”~2\le n$$p\le\sqrtn$ (000 OO OO0

$$=\sum_{p=1}"{\sqrt n}\left\Ifloor\dfrac{n}{p~ 2 }right\rfloor\sum_{q=\Iceil p / \phi
\rceil}~ {p}(p,q)=1]$$

0000000 $q$00000000000000 $\arphi(p)-\sum_{i=1}"{\Iceil p / \phi \rceil
-13H(,p)=11$ 0O $\sum {i=1}"~{n}(i,p)=11$ 000000 $\sum_{d\mid p}\mu(d)\Ifloorn\dfrac
nd\rfloor$ JO O $p$ 00 $p$S 00 OO0 $d$000 $1\simn$ 00O OO0 $O0(n\Mlogn)$ 00O 0O
00 $0(\sgrt n\log n)$ [

OO0 00000 $0(sartnllog\log\sqrtn)$ 0O O0OOOOOOOOOODOOODOODODODODODODODOOD
000 $g9(n)=(Ff*\mu)(n)$ 00000000 $n$ 000 $d$J00000O0O0O0O $pis 000000
000

HEN

O00D00D00oooo GChODoDODoonoOoooonooooonon $\wvarepsilon(n)$ 0000
00000 $wwwn)$000000000000O0O0O000O0O0OO0O0O0DO0OO0OO0OU0OO0OO0ODO0OO0OOOOO
$\mu(n)$ 0000000 $0(\sgrt{n})$ OO DO0O

e $\varepsilon = \mu * 1$[J$n = \varphi * 1$

e JI00DODOD $\mu$OD OO0 DODODOO0DODODOODODODOO

e JI00D0ODUODOODODOGEDODOOO $g$0S%ISO $$ 000D 0ODODODO0ODOODOODO
OO0 $ig$0 %jogs 000000 $g$ 000 D0DOD0DOODOODODOODOODOO0DOODOO0O -GCDO
0o

e JJ000OO0OO0ODODOUOOOODUOOODODOUOOOOOODODOO
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